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Abstract 

We study several notions of ultraproducts of von Neumann algebras 
from a unifying viewpoint. In particular, we show that for a cr-finite von 
Neumann algebra M, the ultraproduct introduced by Ocneanu is a 
corner of the ultraproduct M introduced by Groh and Raynaud. Us- 
ing this connection, we show that the ultraproduct action of the modular 
automorphism group of ip on the Ocneanu ultraproduct is the modular 
automorphism group of the ultrapower state (^", i.e., (o-^)'^ = <^t £ ^) 
holds on A/". Moreover, we show that Golodets' asymptotic algebra Cm 
is isomorphic to M' n M'^ , and his auxiliary algebra ^ is isomorphic to 
M". From these results, we show the following consequences. (1) Ueda's 
question asking whether a full factor M has trivial central sequence alge- 
bra, i.e, whether M^i — C implies M'ClM'^ — C, has an affirmative answer 
when M has separable predual. Here, M^i denotes Connes's asymptotic 
centralizer. (2) Golodets' Theorem (rephrased in terms of the Ocneanu 
ultrapower): in an analogy with McDuff property, for a cr-finite type III 
factor M, the restriction ifi of the ultrapower state onto the central 
sequence algebra M' n M'^ is independent of the choice of a normal faith- 
ful state (fi, and for < A < 1, M absorbs Powers factor R\ tensorially 
M®R\ = M, if and only if A is an eigenvalue of A^j. (3) The Ocneanu 
ultrapower M" of type IIIa factor (0 < A < 1) is again a type IIIa factor. 
The same conclusion holds for the Groh-Raynaud ultrapower J^'^ M too. 
However, M" can not be a factor if M is a type IIIo factor. Moreover, 
M has a semifinite type direct summand in that case. We also show 
that although the ultrapower of the hyperfinite type Hi factor R is 
a type Hi factor, II'^ ^ ii^it semifinite (and is not a factor). (4) For 
a cr-finite type IIIi factor M, the Ocneanu ultrapower has strictly 
homogeneous state space, i.e., any two normal faithful states tp, tp on 
are unitarily equivalent. 
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1 Introduction 

The purpose of this paper is to study several notions of ultraproducts and central 
sequence algebras of von Neumann algebras which are not necessarily of finite 
type. Since it does not seem to be well-known that there are various notions of 
ultraproducts, let us start from an overview of the history. 

The notions of central sequences and ultraproducts play a central role in 
the study of operator algebras and their automorphisms. The importance of 
central sequences was already recognized as early as in Murray-von Neumann's 
work ( |MvN| . §6) on rings of operators. After establishing the uniqueness of the 
hyperfinite type IIi factor R, they tried to prove the existence of non-isomorphic 
type III factors. In {R,t) = {^f^(Af2(C), ^Tr) (Tr denotes the usual trace on 
A'/2(C)), consider a sequence 

w„ = 1®" ® (^J ® 1 ® • • • , n e N. 

{un}^^i satisfies 

(1) sup„ ||m„|| < 00. 

(2) u„a — aun — >■ strongly for any a € R. 

(3) t(u„) = for all 71 G N and ||u„||2 7^ 0. 

A sequence of operators {xn}^=i in a finite von Neumann algebra M is called a 
central sequence if it satisfies (1) and (2), and it is called nontrivial if in addition 
it satisfies (3). A type IIi factor with non-trivial central sequence is said to 
have property Gamma. Using the so-called 14e argument, they showed that 
the group von Neumann algebra L(F2) of the free group F2 on two generators 
does not have property Gamma while R does, whence R p- L(F2). Central 
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sequences were then used to show the existence of uncountably many type II i 
(type IIoo) factors jMcDj . jSak2j . Variants of the property Gamma, such as 
property L of Pukanszky [Pukj were also studied to provide examples of type 
III factors without non-trivial central sequences. On the other hand, the study 
of the quotient of a finite (A)W*-algebra by its maximal ideals gave rise to 
the concept of tracial ultraproducts. The study of such quotient algebras was 
carried out by Wright. He showed ( |Wri| . Theorem 4.1, Theorem 5.1) that 
the quotient of a AW*-algebra of type II with a trace by its maximal ideal is 
a AW* -factor of type II, and quotient of finite AW* -algebra of type I by its 
maximal ideals are generically AW*-factors of type IIi. Sakai ( }Sak| . Theorem 
7.1) showed that the quotient of a finite W*-algebra M by a maximal ideal 

= {x G M; {x*x)\uj) = 0} is a finite W*-factor. Here, t] : M ^ Z{M) = 
C(r2) is the center valued trace and w is a point in the Gelfand spectrum 
of the center Z{M). When M = 0p^ Af„(C), we have n = l3N and M/I^ is 
what is now called the tracial ultraproduct of {M„(C)}5^i. More generally, the 
tracial ultraproduct (M„, t„)'^ of a sequence of finite von Neumann algebras with 
faithful tracial states {M„, Tn}'^^i along a free ultrafilter oj € /3N \ N is defined 
as the quotient algebra (M„,t„)'^ := ^°°(N, M„)/J<^(N, M„), where £°°(N,M„) 
is the C*-algebra of all bounded sequences of Hn and Xa;(N, M„) is the ideal 
of £°°{N,Mn) consisting of those sequences (a;„)„ which satisfies t„(x*x„) — > 
along uj. For the case of constant sequence M„ = M, t„ = r, (A/„,t„)" is 
written as and called the ultrapower of M. Few years later after Sakai's 
work, McDuff jMcD2| revealed the importance of the tracial ultrapower and 
central sequences. Viewing M as a subalgebra of M'^ by diagonal embedding, 
central sequences form a von Neumann subalgebra = M' n A/". Among 
other things, she proved that for a type Hi factor Af, M^^ is either abelian 
or type Hi, and the latter case occurs if and only if M absorbs R tensorialy: 
M = MMR (such a factor M is now called McDujf). 

The analysis on the tracial ultrapower was the crucial step in Connes's cel- 
ebrated work on the classification of injective factors |Con2| . Since then, ul- 
traproduct technics has been an important ingredient on the classification of 
group actions on factors. Furthermore, the conjecture he casually posed in 
|Con2j that every Hi factor with separable predual embeds into R'^ has drawn 
much attention today, and many interesting equivalent conditions are found 
jKir] . Nowadays tracial ultraproducts are also studied from model theoretical 
viewpoint (see e.g., jGeHa| .[FHSl-3]). 

The definition of the central sequence algebra is generalized for ar- 
bitrary von Neumann algebras by Connes |Con3| . It is defined as M^^ := 
A^„(N, A/)/I^(N, M), where 7Wc^(N, M) is the set of all (a;„)„ e €°°(N, M) sat- 
isfying ||a;„?/' — ^/iXnll — > along uj for all ip € Af* (here inI^(N, Af), convergence 
is with respect to strong* topology) . M^^ is called the asymptotic centralizer of 
M . On the other hand, the generalization of Af" is more involved. If M is not 
of finite type, then X^(N, M) is not an ideal of €°°(N, M). Therefore one has to 
modify the definition of Af^ for infinite type von Neumann algebras. The right 
definition of Af" was given by Ocneanu |0c| in order to generalize Connes's au- 
tomorphism analysis approach for general injective von Neumann algebras. It is 
defined as Af'^ := M'^ln, Af)/I„(N, Af), where 7W'^(N, M) is the two-sided nor- 
malizer of I„(N,A/). That is, A^'^(N,Af) consists of those (a;„)n € ^°°(N,Ai") 
which satisfies (x„)„I^(N, Af) C X^(N,Af) and I,^(N, A4")(x„)„ C I^{n,M). 
We call Af" the Ocneanu ultrapower of Af. As same as tracial ultraproducts. 
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any projection p (resp. unitary u) in is represented by a sequence of projec- 
tions (pn)n (resp. unitaries (un)n) of M. A decade before Ocneanu's definition 
of , another generalization of M' n for a general factor M with separable 
predual was proposed by Golodets [Gollj . It is defined as follows: let be a 
normal faithful state on M . Consider the GNS representation of M associated 
with so that ip ~ { ■ S,,p,^^) with a cyclic and separating vector on a 
Hilbcrt space H. Consider the following normal state Tp on £°° — i°°(N, M): 

^{{xn)n) ■■= lim ifiiXn), (x„)„ € £°°(N, A/), 
n— fa; 

Let ttgoI : B(^fGoi) be the GNS representation of Tp with a cyclic vector 

^ satisfying ^ = ( ■ CiC)- Let be the projection of Hqo\ onto 7rGoi(^°°)'^- 
Define 

^ e^7rGoi(^°°)"e„ C B(e^i/Goi). 

Let Md be the subspace of ^°°(N, M) consisting of constant sequences (x, x, • • • )„, x & 
M. Then the asymptotic algebra C%[ of M is defined by 

C^T/ := ^ n ^Goi(Mrf)' C B(e^i7Goi). 

Moreover. Lp induces a normal faithful state (p on M, whence a state ip := "^Ic^^- 
on C^j. He then proved the following interesting property: let 

N:^{xe £°°(N, M); 7rGoi(^)e.„ 7rGoi(5*)e„ e ^.} 

Then ( [Gollj . Lemma 2.3.3) ^ — 7rGoi(^)eaj, and we have ( |Goll| . Lemma 2.3.5) 

erf {TTGoi{x)euj) = TrGoi{{o-fixn)))euj, x = (a;„)„ e N, i e K. 

Based on the above, he proved that both (the isomorphism class of) Cfj and 
ip were independent of the choice of ip, and its point spectra characterized 
Araki's ( |Ara2j ) property L'^: M'^Rx = M ( [GoTI] . Theorem 2.5.2). More- 
over, Golodets and Nessonov proved ( }GoNe| . Lemma 1.1) that its centralizer 
(C^)^ is isomorphic to M^^. It seems that these works have not been widely 
recognized, possibly because most of his works were written in Russian. It is 
not clear from his definition if ^ or C^j is related to Ocneanu's constructions. 
We show in ^33. 51 that Golodets' construction is equivalent to Ocneanu's one. 

On the other hand, the development of non-commutative integration theory 
for von Neumann algebras suggests to seek for a notion of "ultarproduct Af^" 
of M so that the Banach space ultraproduct {LP{M))u: of non-commutative LP- 
space (in the sense of |IIaa4| ) for M is isometrically isomorphic to LP{M'^) (1 < 
p < oo). In that viewpoint, it is not the Ocneanu ultraproduct A/" that plays 
the role. For example, if one uses the Ocneanu ultraproduct, B(iJ)" — M{H) 
holds (e.g., IMaToQ . while L^(M{H))^ = (B(i?),)c^ is much ^rger than B(iJ), 
if dim(iJ) = oo. The right definition of the ultraproduct M'^ in this context 
was given by Groh and Raynaud. More precisely, Groh jGroj showed that the 
ultraproduct of the predual Af* of a von Neumann algebra M can be regarded 
as the predual of some huge von Neumann algebra Af": consider the Banach 
space ultrapower {Ah)uj (resp. (M)^) of the predual A/* (resp. M), and define 
a map Jo : (M,)c. ^ {{M)^)* by 

{x, Jg(V')) := lim ipn{xn), x = (x„)^ e (A/)^, -0 = (V'«)a; e (M^)^. 
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Then it holds that f jGroj . Proposition 2.2 (b)) Jg is an isometric embed- 
ding and its range Jg{{M*)uj) is a translation-invariant subspace of ((M)„)*, 
whence there exists a central projection z G ((M)„)** such that Jg((A/*)c^) = 
{{M)^)*z. Therefore Jg((M*)„) can be regarded as the predual of the W*- 
algebra {{M)^^)** z. Then almost two decades later, a more handy construction 
was given by Raynaud |Ray| : fix a representation tt of M on a Hilbcrt space H 
so that each (y9 G M+ is represented as a vector functional. Consider the Ba- 
nach space ultrapower (M)^ and regard it as a C*-subalgebra of B(iJ)i^. Define 
Jr : M{H)i^ M{H^) (7?^ is the ultrapower Hilbert space of H) by 

Then it holds ( |Ray| , Theorem 1.1) that (M^,)^ is isometrically isomorphic to 
the predual of the von Neumann algebra generated by Jr{{M)i^). We 
write as Yl^ M (where we choose the standard representation) and call it 
the Groh-Raynaud ultrapower of M . Raynaud also showed that M has 
such nice behaviors as LP{M)^ = LP{Y['^ M) completely isometrically, and 
Jl" M' = (Jl" A/)'. The Groh-Raynaud ultrapower was effectively used in e.g., 
Junge's work on Fubini Theorem j Junj . On the other hand the Groh-Raynaud 
ultrapower has drawbacks too. In general, even if M has separable predual, 
Yl'^ M is not even cr- finite (there is no faithful normal state) , while A/" is al- 
ways cr-finite when M is. Moreover, the center of M can be much larger 
than M^: for example, Raynaud |Ray| showed that Y\ M{H) (dim(7J) = oo), 
is not semifinite for a free ultrafilter U on a suitable index set /. It seems that 
there has been no attempts to consider the relationships among the Ocneanu 
ultraproducts, the Groh-Raynaud ultraproducts and Golodets' asymptotic al- 
gebras. 

We show that all these ultraproducts are closely related, and the study of 
one helps that of the other in an essential way. Using the connection, we show 
some interesting phenomena of the Ocneanu ultraproducts of type III factors 
which do not appear in the tracial case. 

The outline of the paper is as follows. 

In ^ we fix notations and recall basic facts about Tomita-Takesaki theory 
and Arveson-Connes' spectral theory for automorphism groups. 

In we define the Ocneanu and the Groh-Raynaud ultraproduct. Here 
we use a more general definitions than the original ones. Namely, we use a 
sequence of von Neumann algebras {M„}^;^ (and a sequence {^n}'^=i of normal 
faithful states for the Ocneanu case) to construct {and {Mn,(pn)'^)- 

We will see in later sections that this is not a formal generalization, but has 
actual implications. We show that each {Mn,ipn)'^ corresponds to a corner of 
Yl'^ Mn fTheorem l3.7l Corollarv l3.16|) . Then generalizing the result of Raynaud, 
we prove in Theorem 13.191 that the Groh-Raynaud ultraproduct preserves the 
standard form of von Neumann algebras. As part of the proof, we show (Lemma 
I3.20p that the condition JxJ = x*,x £ Z{M), which is one of four conditions 
in the axioms of standard form, automatically follows from the other three 
conditions. This will be important for the proof of Theorem l3.19l for 2^(0" ^n) 
can be strictly larger than J^"^ Z(M„) (here, Z{M) is the center of M). In 
^3.5[ we show that Golodets' asymptotic algebra is equivalent to Ocneanu's 
central sequence algebra. More precisely, we have ^ = A/" and under this 
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*-isomorphism, C%j is mapped to M' n Af" (Theorem [?^ . Thus we have 
clarified the relationships among all the existing notions of ultraproducts of von 
Neumann algebras. 

In 21 show how modular structure of the original algebra M reflects 
the structure of the Ocneanu ultrapower M'^. We first show fTheorer ri4.ip 
that the ultraproduct action of the sequence of modular automorphism groups 
Wt"'}^=i the Ocneanu ultraproduct (M„,(^„)" is equal to the modular au- 
tomorphism group of (f^ — (<(5n)" : (crf")'^ = "'f (t € M). This in particular 
means that t i-^ {af")'^ is a continuous flow. This is somewhat surprising, be- 
cause the ultrapower of continuous flows tend to be highly discontinuous on 
(sec Masuda-Tomatsu's recent work on Rokhlin flows |MaToj ) . The cor- 
responding result in the case of constant sequence of algebras was obtained 
by Golodets jGoUj for his auxiliary algebra by Raynaud for the corner of 
J^"^ M which corresponds to the Ocneanu ultrapower. Theorem 14.11 will be the 
key tool for our analysis that follows. For instance, it follows that a sequence 
{xn)n G £°°{N,AIn) bclougs to A^'^(M„,(^„) if and only if (x„)„ can be ap- 
proximated by sequences {yn)n which belongs to a compact spectral subspace 
for cr'^ fProposition 14. 1 Ij) . A^pi^ behaves like the "ultrapower of A;p", although 
(Aip)" is not a well-defined object. For example, it has such properties as 

a(A^.) = cr(A^) and A*.(x„e^)„ = (a|x„^5J<^ for € (Corollary 

14.81 Similar result to the latter is obtained by Golodets jGoUj ). On the other 
hand, unlike the case of the ultrapower of bounded operators, the point spectra 
ap{Atpui) can be strictly smaller than cr(A^) \ {0} (Proposition l4.9p . In ^^i^ we 
show that the Ocneanu ultrapower M" of cr-finite type IIIi factor M has strictly 
homogeneous state space. That is, any two normal faithful states are unitarily 
equivalent fTheorcm l4.20p . We also show that no type IIIi factor with separable 
predual has strictly homogeneous state space (Proposition l4.22]) . and if a cr-finite 
type nil factor M has this property, the centralizer of any normal faithful state 
on M is a factor of type IIi (Proposition 14.24]) . In ^4.31 we extend Theorem 
l4.1l to the ultrapower ip'^ of a normal faithful semiflnite weight on a ct- finite von 
Neumann algebra (Lemma 14. 26[) . and prove that if ip is lacunary (that is, 1 is 
isolated in cr(A^)), then (M")^^ ^ {M^T hol ds (Pr oposition OT)) . In 1231 we 
reinterpret the main results of Golodets work jGollj mentioned above from our 
viewpoint. In particular, we introduce the Golodets state ip^ — ^p^\M'nM'^ and 
show that (^^ does not depend on the choice of if M is a factor (Proposition 
I4.29p . and in that case M has Araki's property i^(0 < A < 1) if and only if 
A is the eigenvalue of A^^ (Theorem I4.32p . Moreover, we show that the cen- 
tralizer (M' n M'^)^p^ of the Golodets state ip^ is precisely Connes' asymptotic 
centralizer M^^ (Proposition l4.34]) . which will play a key role in the next section. 

In ij5l we consider the subtle diff'erence between M^^ and M' n for cr- 
finite type III factors. In general, M„ C M' n holds. However, while M„ 
is a finite von Neumann algebra, M' n can be of type III (Example 15. 2p . 
However, based on the analysis of free product type III factors, Ueda ( [Uedalj . 
§ 5.2) asked the following: 

Question 1.1. Does M„ = C imply M' n Af" = C? 

We give (Theorem 15. 3|) an affirmative answer to the question for separable 
predual case. Moreover, we show that for a cr-finite type IIIq factor Ad , = 
Af'nM" holds (Proposition!^. 
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In fjni we consider the following questions: 

Question 1.2. Let {ipn)n be a sequence of normal faithful states on a cr-finite 
factor AI. 

(1) Are and M factor too? If so, what are their types? 

(2) Does (M, (^„)" depend on the choice of ((/3„)„? 

(3) Is (M, (semi-) finite if M is (semi-) finite? 

(4) Is (M, (fij)'^ of type III if M is of type III? 

For (1), if M is of finite type, it is well-known that is also a finite type 
factor. Also, it is known that M'^ is a type loo (resp. type IIoo) factor if so is 
M fTheorem l6.ip . However, the situation for the Groh-Raynaud ultrapower is 
different: we show that fl" is not semifinite (and not a factor), where R is 
the hyperfinite type IIi factor (Theorem l6.4p . Type III case is more interesting: 
we show that if M is a cr-finite type IIIa (0 < A < 1) factor, then both and 
Jl" M are type IIIa factors (Theorem l6.1ip . On the other hand, if M is of type 
IIIq, then A/" is not a factor (Theorem l6.18p . Moreover, M has a semifinite 
component and is not a factor (Remark I6.17p . As for (2), we show that if M 
is of type IIIa (0 < A < 1), then {M,ipn)'^ = and therefore (M,(^„)" does 
not depend on ((^„)„ (Theorem 16. lip . However, regarding (3)(4), there exists 
{'Pn)n such that (Rjipn)'^ is not semifinite (Proposition I6.3p . Also, if AI is of 
type IIIq, then there exists (</?„)„ such that (Af, (y9„)" = (Af^^J" is of finite type 
(Theorem ElSl). 

2 General Backgrounds and Notations 

First we fix a notation and recall basics facts about ultraproducts. Throughout 
the paper, w denotes the fixed free ultrafilter on N (in fact, many of the results 
and proofs in this paper are the same for free ultrafilters on any set). For a 
von Neumann algebra M on a Hilbert space H, Z{AA) denotes the center of Af, 
and S'n(Ar) (resp. S'nf(Af)) denotes the space of normal (resp. normal faithful) 
states on Af. As usual, we define two seminorms || • ||^, || • for g S'n(A/) 

by 

\\x\\p := ip{x*x) 2 , ||a;| 1^ := {x*x + xx*) ^ , x € M. 

If M is cr-finite and ip is faithful, || • \\^ (resp. || • ||^) defines the strong (resp. 
strong*) topology on the unit ball of Af. The support projection of a normal 
state If is written as supp((p). For a projection p £ Af, zm(jp) denotes the 
central support of p in Af. U{A4) is the group of unitaries in Af. vN(if) denotes 
the space of all von Neumann algebras acting on if. Ball(Af ) is the closed 
unit ball of Af . For a self-adjoint operator A on if, dom(A) is the domain of 
definition of A, (j{A) (resp. <Tp{A)) denotes the spectra (resp. point spectra) 
of A. The range (resp. the domain) of A is written as ran(A) (resp. dom(A)). 
G{A) — {{^,A£^)]^ G dom(A)} is the graph of A. We denote the sequence of 
elements of a set like {an}^^i- However, we also use the notation (a„)„ when 
we think of the sequence as an element in an algebra such as £°°{N,M{H)). For 
a unit vector ^ £ ff, the corresponding vector state is denoted as wj. 
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2.1 Ultraproduct of Banach Spaces 



Let {En)n be a sequence of Banach spaces, and let ^°°(N, £'„) be the Banach 
space of all sequences (x„)„ G IlJ^i with sup„>2 < oo with the norm 

||(an)n|| = sup„>]^ \Wn\\, (on)™ S •^°°(N,£'„). The Banach space ultraproduct 
{En)uj is defined as the quotient £°°(N, -E„),i/JL, where is the closed subspace 
of all (x„)„ € (i°°{H,En) which satisfies lim„^;^ ll^^^nll = 0- An element of {En)uj 
represented by (a;„)„ € £°°{N,E) is written as (a;„)(^. One has ||(a:„)i^|| = 
lim„_^tj IIs^tiIIj ixn)uj G {,En)u:- If {Hn)n is a sequcucc of Hilbert spaces, then 
{Hn)uj is again a Hilbert space with the inner product given by 

{{(.n)LO,{'nn)Lo) = lim(^„,7?„), (?7ri)cu € {Hn)u- 

For a sequence of C*-algebras, (^ra)u; is again a C*-algebra when equipped 

with the pointwise multiplication and involution of sequences |Hei| . §3.1. How- 
ever, the Banach space ultraproduct of von Neumann algebras is not a von 
Neumann algebra in general (cf. Remark l3.6p . 

2.2 Modular Theory 

We make a brief summary of modular theory needed for our purpose. We refer 
to vol. H of jTakBook] for details. In particular we omit the modular theory 
for weights/Hilbert algebras, which will be used only for Proposition 14.271 and 
Theorem 16. 181 Let M be a ct- finite von Neumann algebra, and let ip € 5nf(M). 
Using GNS representation (M, tTi^, i/, ^^), Lp is represented as a vector state lo^^^ 
and € iJ is a cyclic and separating vector for M (we identify x Cz M with 
TT^{x)). Then the following operator S^, 

dom(5°) := Me^, S^x^^ ~ x*^^, x e M, 

is a densely defined anti-linear operator on H. Since is closable, we may 

i_ 

consider the polar decomposition 5*^ = J^pAi^ of its closure. It can be shown 
that is an anti-linear involution and is a positive, invertible self-adjoint 
operator on H. Furthermore, J^p^ip — ^ipiip ~ a-nd J^A^pJ^p = hold. J^p 
(resp. A(p) is called the modular conjugation operator (rcsp. modular operator) 
of (fi. Tomita's fundamental Theorem |Taklj states that 

J^MJ^ = M', AjjMA-^* = M for all t e M. 

Therefore 

af{x) := a;* a; A-**, xeM, t G R, 

defines a one parameter automorphism group of M, called the modular auto- 
morphism group of Lp. 

Next we recall Arveson-Connes' spectral theory for automorphism groups. 
Since we apply the theory only to modular automorphism group, we present the 
case of one-parameter automorphism group only. In the sequel we identify the 
dual group M of the additive group M with itself. For / e L^(R), we define the 
Fourier transform / by 

/(A) j e'^^f{t)dt, A e i = M. 
We also define a'^Jx) := f{t)af {x)dt {x G M). 
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(1) For X € M, Sp^„ (a;) is defined by 

I A e K; /(A) = for all / e L^{M.) with crj(a;) = o| . 

(2) The Arveson spectrum of cr'^, denoted by Sp(ct''') is the set 

I A e i; /(A) = for all / e L1(R) with crj = o| . 
It is shown that Sp(cr'^) = log(CT(A^) \ {0}). 

(3) For a subset i? of M, the spectral subspace of cr''' corresponding to -E is 
given by 

M{(jf,E) := {x e Af; Sp^^ (x) C E}. 

The fixed point subalgebra M (ct'^, {0}) is called the centralizer of (yS, and is 
written as M^. It is known that M^p = {a; e M; (p{xy) — (p{yx), y G A/}, 
and it is always a finite von Neumann algebra with a normal faithful trace 
f\M^- The spectral subspaces have the following properties: 

(i) M{a'P,EY =M{(j'P,~E). 

(ii) M{af, E)M{a'^,F) C M{a'^,E + F). 

(hi) A e Sp(cr'^) if and only if M{a'^,E) ^ {0} for any closed neighbor- 
hood i? of A. 

(4) The Cannes spectrum of cr'^, denoted by r((T"^), is given by 

rK)= fl SpK=). 

eeProj(J\/^) 

Here, for e G Proj(M^), a'^' is the restricted action of ct'^ to the reduced 
algebra Me, which coincides with the modular automorphism group of 
(fM^ ■ It holds that 

0#eeProj(2(A/.^)) 

whence r(cr'^) = Sp(cr'^) if AI^ is a factor. 

(5) Let Af be a cr-finite factor. The Connes' S-invariant is defined by 

SiM) ^ fl a(A^), 

V6S„f(M) 

It is shown that S{M) \ {0} is a closed multiplicative subgroup of ]R!j_ = 
(0,oo), and T{af) = log(S'(A/) \ {0}). A cr-finite type III factor M is 
called of 

(i) typelllo if 5(Af) = {0,1}. 

(h) type IIIa if S{M) {A"; n G Z} U {0} (0 < A < 1). 

(iii) type IIIi if S{M) = [0,oo). 

For general factors, one needs to use normal faithful semifinite weights to 
define the S'-invariant. However, the above classification of type III factors 
will not be affected by this change. 
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3 Ultraproduct of von Neumann Algebras 



3.1 The Ocneanu Ultraproduct 

We first introduce the Ocneanu ultraproduct of a family of von Neumann al- 
gebras along cj, with respect to a sequence of their states. This is a slight 
generalization of the construction of Ocneanu ( jOcj . §5) for a single algebra 
with a single state, and of the construction in |HW1| . §5 for tracial states; both 
generalize classical notions studied by Sakai |Sak| and McDuff jMcDj . 

Specifically, let (M„)„ be a sequence of cr-finite von Neumann algebras, and 
let ipn be a normal faithful state on M„ for each n G N. With a slight abuse of 
notation, put 

^°°(N, Af„) \ {xn)n e W Af„; sup||x„|| < oo I , 

2:<.(M„,(p„):=|(x„)„e£°°(N,M„); lim ||x„||« = o| , 
and also, with the abbreviated notation T^^ for Xi^{Mn, (pn), let 

It is then apparent that A^"(A/„, ipn) is a C*-algebra (with pointwise operations 
and supcrmum norm) in which I^{Mn, fn) is a closed ideal. We then define 

{M„,ip„)^ := 7W'"(Af„, ^„)/I„(A/„, 

(the quotient C*-algcbra). By the same proof as in |Ocj . §5.2, one gets: 

Proposition 3.1. With the above notations, {AI„,^n)'^ is a W* -algebra. 

We denote the image of (x„)„ e M'^{Mn,(pn) in (Af„,i^„)" as (a;„)'^. Then 
we have the following straightforward generalization of |Ocj . §5.1: 

Proposition 3.2. The following defines a normal faithful state {(pn )'^ on {Mn, fn)'^ ■' 
(<P„)"((x„)") := lim y5„(x„), (x„)" e (Ar„,^„)". 

The special case considered by Ocneanu is the following: all Mn are equal to 
a fixed von Neumann algebra Af , and all (/?„ are equal to a fixed normal faithful 
state (fi on M. In this case, we denote (Af„, (pn)'^ by Af^, since the latter algebra 
does not depend on ip (in fact, I(^(Af„, determines the same set of bounded 
sequences for different state ^p); we also denote (<Pn)" by ip'^ . 

3.2 The Groh-Raynaud Ultraproduct 

In this section, we define Groh |Gro| -Ravnaud |Ray| 's ultraproduct of a se- 
quence of von Neumann algebras, which is in a rather direct way related to the 
ultraproduct of C*-algebras and Hilbert spaces. 

Let {Hn)n be a sequence of Hilbert spaces, and let H^: := {Hn)ui- Let 
(B(iJ„))tj be the Banach space ultraproduct of B(iJ„))„. 
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Definition 3.3. Define tt^ : (B(i7„))cu ^ B(iJ„) by 

nUM^)i^nh ■■= {anUcu, (a„)„ e£°°(N,]B(iI„)), (^„)^ £ i?^. 

It is easy to check that 7rtj((a„)i^) is a well-defined *-honiomorphism, and 
since 

lk^((an)a;)|| = lim ||a„|| = ||(a„)^||, (a„)„ £ (B(i7„))j^, 
TTi^ is inject ive. 

Lemma 3.4. 7r^((B(iJ„))tj) is strongly dense inM{H^). 

Proof. Let ^ = {£,n)uj <= and let p„ G B(-ffn) be the projection onto 
span(^„) C Hn- Then p := Tri^{(j)n)uj) is the projection onto span(^) C H^, 
as for any rj = (77,1)1^ G and C = (Cn)w e -f^w, we have: 

(PVX) = lim ((p?7)„,Cn) = lim (p„ry„,C„) 

n— n—yuj 

= lim (77„,6i>(6i,Cti> = iViOi^X) 

n—yoj 

This shows that any rank one projection in M{H^) is contained in the subalge- 
bra ■Ki^{]B{Hn)ij)- Therefore 7rtj((B(_ff„))tj) generates M{H^) as a von Neumann 
algebra. □ 

Definition 3.5. Let (Af„)„ be a sequence of W*-algebras. 

(1) Let A/„ C M{Hn) be a fixed faithful representation of A/„ on a Hilbert 
space Hn- The abstract ultraproduct of the sequence (M„, H„)n is defined 
as the strong operator closure of 7r^((Af„)ij) in B(i?^), and is denoted as 

n"(M„,i?„). 

(2) The Groh-Raynaud ultraproduct of (Af„)„, denoted simply as J^'^ A^f„ 
is defined as M„ := ]^'^(A'f„, i?„), where we choose the standard rep- 
resentation of M„ . 

From Lemma it follows that 

n(B(i7„),i7„) =B(i7„). 
However, note that the Groh-Raynaud ultraproduct J|'^B(iJ„) is not equal to 



Remark 3.6. Let i7 be a separable infinite-dimensional Hilbert space. We 
remark that although 7r^(B(7J)^) is srongly dense in B(if^), tt^ is not surjective. 
To see this, using the weak compactness of the unit ball of H^, define P G M{H^) 

by 

P{£,n)Lj (C): C := weak- lim (^„)^ G H^. 

n—i-uj 

P is wcll-dcfincd and is bounded, because for each n € N we have 
\{P{Uu,P{^n)u)\ = - lim lim |(a,C„)| 
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Therefore P G B(iJ„). It is easy to see that P"^ ^ P holds. We show 
that P ^ 7r(B(7J)(^). Assume by contradiction that there is a bounded se- 
quence {pn)n & £°°{N,M{H)) such that TTi^{{pn)u:) = P holds. This means 
that if a bounded sequence {£,n)n in H converges weakly to ^ e iJ, then 
Ibn6»-Cll -^Q(n^uj). 

Step 1. We first show that P ^ P* , hence P is a projection (onto the closed sub- 
space H of H^). Let i^n)n, G £°°(N, H) and let ^ = weak-lim„^^ 77 = 
weak- lim„_>tj 77^ . We have 

{P{£.n)oj, {Vn)u:) = lim (C,??«> = (C,??) 

= lim (^„, 77) = ((Cn)a;,-P(??n)a;), 

whence P = P* holds. 



Step 2. If a sequence of projections {pn)n converges strongly to 1 along uj, there 
exists a sequence {rjn)n. of unit vectors in H such that {n €^ N; r]n €z ran(p„)} G w 
and — )■ (n — ^ w) weakly. 

To see this, fix an orthonormal base (e„)„ of H. Since lim„_j.^ ||Pnei — ei|| = 0, 
we have 

n G N; ||p„ei - ei|| < H C In G N; |b„ei|| > H =: /i G w. 



Define := max{l < j < n; Wpn^jW > |} for each n £ Ii. We then define 

{■nn)n by 

r £ ^1) 



I brie;, 
ei (7^<^/i). 



Next, suppose i>\ and e > are given. Let 

h := {n G N; ||p„ei - ei|| < e/2} G cj. 

Since P is identity on the subspace H consisting of constant vectors, we have 
that lim„_^(^ p„ = 1 strongly. Therefore the set defined by 

h {n e N; /„ > i) 

belongs to as well. Then for each n G / := /i n /2 H /a Go;, we have 

|(f?n,e,;)| < — ^ — ^{|(e;„,p„ej - e,;)| + |(ei„,e^)|} 
\\PneiJ\ 

< 2||p„ei - e^ll < e. 

This shows that \imn^i^{ri„ , Ci) = 0. Since i G N is arbitrary, we obtain the 
claim. 



Step 3. We get a contradiction. 

Since P = 7r((p„)(^) is a projection, we may choose Pn to be a projection for 
all TT, G N (see e.g., |GeHaj . Proposition 2.1 (4)). Since sot-lim„_>;^ p„ = 1, 
by Step 2, there exits a sequence of unit vectors (t7„)„ such that J :~ {n G 
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N; 77„ S ran(p„)} S w and weak- lini„_^t^ 77,1 = 0. Then, by definition, we have 
P{Vn)Lj = 0. However, for n S J, we have ||pri?7n|| = \\Vn\\ = 1, hence p„77„ does 
not tend to along uj. Tliis is a contradiction. Hence P is not in the range of 

TT. 

3.3 Relationship between (M„, v^n)'^ and fl'^ M„ 

As we have seen, there are two notions of ultraproducts for von Neumann alge- 
bras. The following theorem explains the relation between the Ocneanu ultra- 
product and the Groh-Raynaud ultraproduct: 

Theorem 3.7. Let (Af„)„ be a sequence of a -finite von Neumann algebras and 
let a normal faithful state ipn on M„ be given for each n € N. With each Mn 
acting standardly on _ff„ = L'^{Mn,(pn), md J^" M„ C B((_ff„)^). Also let 
Af" = (Af„,y.„r,(^" = (ip^r, and define w : L^{M^,ip^) ^ (iJ„)„ by 

if(a;„rCv- := (xn^^Ju., (xnT e A/". 

Then w is an isometry, and w* Mn)w = Af". 

To ease notation, let TV = Af„ in the sequel. That w is indeed an isometry 
is seen by direct calculation. To show the identity w*Nw = Af", we need to 
study the following subsets of HneN (for which we use the indicated short 
notations): 

goo :^^°°(N^M„) 

\ {xn)n e lim (/9„(x*a;„) = ol , £* :== {(a;*)„; (a;„)„ e £^1 

:= 7W"(Af„, (^„), := I^(Af„, 

Lemma 3.8. C^j is a closed left ideal of £°° , and = £^ n £* . 

Proof. It is easy to see that C^: is a C*-subalgebra of £°°. Let (x„)„ G and 
(an)n € £°°. Then we have 1^9(0;* a*a„a;„) < ||a„|p(^(a;*a;„) "^'^ 0. Therefore 
(a„a;„)„ g £^ and is a closed left ideal of £°°. The last claim is obvious. □ 

Before going further, we prove a result about hereditary C*-subalgebras. 
Recall the following 

Theorem 3.9 ( [Muj . Theorem 3.2.1). Let A be a C* -algebra. If L is a closed 
left ideal in A, then L n L* is a hereditary C* -subalgebra of A. The map L i— > 
B(L) := LnL* is a bijection from the set of closed left ideals of A onto the set of 
hereditary C* -subalgebras of A. The inverse of the map is given by B ^ L{B), 
where B is a hereditary G* -subalgebra of A and 

L{B) := {a e A; a* a £ B] . 

Lemma 3.10. Let A be a C* -algebra, and let L be a closed left ideal of A. Let 
B = L C\ L* be the corresponding hereditary C* -subalgebra of A, and let M be 
the two-sided multiplier of B: 

M := {a eA;aBci B, Ba C B}. 

Then we have 
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(1) LM c L,ML* c L*. 

(2) Mr\{L + L*) =B. 



Proof. It is easy to see that M is a C*-subalgebra of A. 

(1) Let a e L and x € M. Then a*a e L*L C L n L* = B. Therefore 
x*a*ax e B. By Theorem 13. 9[ L = L[B) imphes that ax G L. Therefore 
LM C L. Taking the adjoint, we obtain ML* C L* . 

(2) We show the claim in two steps. 

Step 1. Mr\L = AIDL* = B. 

Since M and B are self-adjoint, it suffices to show that M D L = B. Since B 
is a C*-algcbra. it is clear that B C M O L. Conversely, suppose x G M D L. 
Then x* G L* holds, and hence x*x E L* L C L O L* ^ B. On the other hand, 
as X £ M, we have x{x*x)x* G B, which implies that xx* — {x{x*x)x*}2 g B. 
Then by Theorem 13.91 again, x* e L = L{B) ^ x £ L* holds. Hence 
X £ Lr\ L* ^ B. 

Step 2. Mr\{L + L*) = B. 

By Step 1, it suffices to show that M r^ [L + L*) = {M n L) + (M n L*). 
It is clear that (M n L) + (M n i*) C M n {L + L*). Conversely, suppose 
X £ M ri{L + L*). Then there is y £ L,z £ L* such that x = y + z holds. We 
show that y, z £ M . Let b £ B. Then yb £ L. Furthermore, yb = xb — zb is in 
L* , because b £ B,x £ AI implies that xb £ B = LO L* and z £ L* . Therefore 
yB C B. On the other hand, by £ L n L* {y £ L, b £ L*) holds. There- 
fore By C B. This shows that y £ AL Similarly, we have z £ M. Therefore 
Mr\{L + L*) = [M n L) + {M n L*) holds. This finishes the proof. □ 

Corollary 3.11. We have 

(1) C^M^ ciC^, M^ClcCl. 

(2) Al"n + =1^. 

Proof. By Lemma [3.81 we can apply Lemma [3.101 to A — £°°,L ~ C^^AI ~ 
M'^,B=I^. □ 

Now, let := S (-ffn)w and let 

ip^{x) := {x£,uj,£.iS), X £ N. 

Then ipi^ is a normal state on N. 

Definition 3.12. We denote by p the support projection of ip^, which is the 
projection onto N'£^^. 

For simplicity, we shall mostly write Tri^{x) as just x in the following (for 
X £ (Af„)<^). 

Next lemma is similar to jGoUj . Lemma 2.2.2 and |RX| . Proposition 2.1. 
Lemma 3.13. For all x £ N, there is G such that 

(1) x^oj = {xn)u,£,u, and x*^ = (a;*)^^,^. 
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(2) X-p^Xp^ = {Xn)u - P^[Xn)ujP^ ■ 

Proof. Consider the following subset of {Hn)(^ © {Hn)uj. 

E := <^ (O^Ct^); {xn)n G sup||x„|| < 1 

L n>l 

We claim that is a closed subset of {Hn)i^ ® {Hn)^. Indeed, let (ry, C) be in the 
closure of E, and choose a sequence {{xi)n}f=i C such that 
for all S N, and such that 

IKxfj.^. - 7711 < 2-^-^ and \\{xl)U^ - Cll < 2-^-\ 

for all fc S N. Then in particular we have, for all fc e N: 

\\{xT)u:iu: - {xl)^U\ < and \\{X';+'U^ - i^nTuUl < , 

SO that if we define 

Fk {n e N; \\x';+'^^„-x':,i^J\ < 2"^ and | |(a:^i)*^^„ - (4)*C^„ || < 2-^'}, 
then we have Fk G uj for all k G N. Hence with 

k 

Gk :={fc,fc+l,---}n f|F„ 

i=i 

we have Gfc G w for all fc G N because uj is free, and {Gk)k is a decreasing 
sequence with empty intersection. In particular, 

oo 

N = (N\Gi)uy(G,\G,+i) 
(disjoint union). Now, define a sequence (a;„)„ G by 

[a^n ('^e Gj\Gj+i). 

Then sup„>i ||x„|| < 1. Fix fc G N. If G Gk, then as Gk ^ Uj°lfc(Gj \ G^+i), 
we may choose j > k such that n G Gj \ Gj+i, so that Xn = a;^ and as 
n Cz Gj G Gm C -Pm for every m < j, we therefore have 

i-1 

< ^ 2"™ < 2~''+\ 

m— /c 

for every n G G/,.- It follows that — {x^^)uj(,uj\\ < 2~^+^, so that 

WixnUu. ~V\\< Wix^U^ - (4UII + Wix'^Uu. -V\\< 2-^-+i +2-^-+i. 



15 



As fc G N may be chosen to be arbitrarily big, we conclude that {xn)Lj^u = rj. 
The proof that {x'^)uj£,uj = C is similar. Hence E is closed, as claimed. 

We are now ready to prove (1). It clearly suffices to consider x £ TV with 
ll^^ll < 1- By the definition of the Groh- Raynaud ultraproduct, and Kaplansky's 
Theorem, we may choose a net {(a;")n}a C such that sup„>i ||a;"|| < 1 for 
every a and such that \ima{x")i^ = a; in the strong*-topology on N. But then 
(x^tj, x*^ij) is in the closure of i?, hence in E by the previous paragraph, and 
(1) follows. 

Finally, (2) follows from (1): with x and (a;„)„ from there, we have for all 
yeN': 

Xy^ij = yX^uj — y{Xn^uj^uj — {Xn^ujy^uj : 

so xp = {x„)i^p, and similarly x*p = {x^)i^p. Conjugating the latter identity, 
px — p{xn)uj holds. Now (2) follows easily. □ 

Proposition 3.14. There is a vector space isomorphism 

p : -> pNp e pNp^ e p^Np 

such that p-'^ipNp) = M'^/Iu:, p~'^{pNp^) = L^jX^, and p''^{p^Np) = 
In particular, we have 

= M'^ + + CI. 
Proof. Observe first that for (a;„)„ G we have 

{Xn)n € C^<^ \\{Xn)M\ = ^ {Xn)^ £ Np^. 

Hence (a;„)„ G £* <^ (a^ji)^ G P^N, so by Lemma [331 

{Xn)n eI^=C^nCl^ {Xn)^ £ p^Np^. 

Hence by letting 

p{{Xn)n/'Xu,) ■■= (.T„)„ -p^{Xn)ujP^, 

wc obtain a well-defined injective linear map from into pNp ® pNp^ © 

p-^Np, and it is in fact surjective by Lemma 13.131 

By definition and the above, we have for all (a-„)„ € £°°: 

piiXn)n/Xcj) e pNp-^ <^ iXn)uj -P^{Xn)ujP^ ^ p{Xn)ujP^ 
^ {Xn)uj e Np^ 

and from this, 

p{{Xn)n/Ioj) e P^Np^ {xl)n ^ ^ (x„)„ G £* . 

Therefore we have 

p-\pNp^) = p-'ip^Np) = Cl/I^. (1) 



16 



Finally, if p((a::„)„/T„) € pNp, and {yn)n S luj, we have {yn)uj S p^Np^, and 
so 

p((x„y„)„/I^) = (x„)a;(?/„)" -P''"(a;„)c^(yn)(^p^ 

and therefore (a;„y„)„ e I^^. Similarly (2/„x„)„ G I^^, so (x„)„ e This 
shows p~^{pNp) C M'^/Iui- On the other hand, by Eq. ([T]) and by Corollary 
IXTT] (2). we have 

= {0}, 

whence we have p~^{pNp) ~ A^"/I^. 

In particular, £°° /I^ = M^^ jX^ + C^/Iu +£* /X^, and the last claim is then 
obvious. □ 

Proposition 3.15. Let (a;„)„ € Then {xn)n & A^" if and only ifp{xn)ui — 
{xn)ujP holds. Moreover, p|m" : M'^ -)■ pNp, (x„)„/Ii^ i-^ (a;n)i^P is a *- 
isomorphism. Therefore, the Ocneanu ultraproduct is isomorphic to a reduction 
of the Groh-Raynaud ultraproduct by the support projection p of tp^^ € iV* . 

Proof. By Proposition l3.141 {x„)n/Tu: & M."^ /lu holds if and only if p{{xn)n/Iu] 

p{Xn)ujP+p{.Xn)u,P^ +P^{Xn)uP G pNp, if and Only if p(x„ )„p-'- =P^{,Xn)uP = 0. 

The last condition is equivalent to {xn)u:P = p{xn)u- Since p\m^ '■ — > pNp 
is linear and bijective, to prove the last assertion it is enough to show that p\muj 
is a *-homomorphism. Let (a„)„, {bn)n € M.'^ . Then as (a„)ij, (bn)uj commute 
with p, we have 

Piianbn)n/^uj) = (ari6ri)tuP = [dn) LoPiK) uP 
= p{{an)n/Iuj)p{{K)n/lLo), 

p{{al)n/I^) = {a*J^p = (p(a„)^)* ((a„)^p)* 

= P{{an)n/Iuj)* , 

whence pIm'" is a *-isomorphism. □ 

Proo/ o/ Theorem\¥^ First, observe that for {xn)n € A^" and (y„)" € M", we 
have 

so 'Kuj[[xn)ui)w = w[xnY- Hcnce M"^ C w*Nw. To prove w*7Vw C A/", it is 
enough to show that w*7r^((a;„)t^)w £ M'^ for (a;„)„ G Let (x„)n G By 
Proposition 13.141 we have that (a;„)„ e A^" + + 'C* . Furthermore, by the 
above, w*TTi^{{xn)uj)w € M'^ if (a:„)„ G A^". Therefore it suffices to show that 
w*Tru:{{Xn)uj)w G Af" whcu (xn)n^_£uj- But if (x„)„ G and (?/„)„ G A^'^, 
we have (x„y„)„ G by Lemma [3. Ill (1). and so 

7I'cu((a;n)t^)w(j/„)"^yc. = (Xnyn^vJu = 0, 

SO w*7r^((a;„)^)u; = u;* • = G A/". □ 
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Now we have a more precise information of the *-isomorphism M'^ = pNp. 
Corollary 3.16. The *-isomorphism pIm^^ ■ pNp has the form 

Moreover, under this isomorphism, ip^ £ (A/'^)* is mapped to 'Pu\pNp G (pNp)*. 
Proof. From the definition, we have for x G N: 

ip'^{w*Xw) = {W* XW^^u, , ^^^) = {XW^^^,W^^^) = {x(,u:,^u:) = Vlj{x), 

SO as (fi'^ is faithful, (Lemma I3.2p . it follows that p = ww* . Therefore for 
(xn)'^ € M'^, we have (by Lemma [3?T5l and Theorem [3J)) 

/9((a;„)") = WW*{Xn)u>WW* 
= w[Xn) W . 

Furthermore, the ultraproduct state ip'^ is mapped to ip'^ o {p\i\iuj)~^. And for 
X € pNp, we have 

[^^ o (plM^r'Kx) = [^'^ o {p\m^)-'Kww*xww*) 

= ip'^{w*Xw) = ipu{x), 

whence (^"^ o (pIm-)""^ = ((St^lpATp. □ 

The following result will be used in ^4.41 Lemma [4.351 

Corollary 3.17. For any (a„)„ G l°° , there exists (6„)„ G M'^ , (c„)„ G C^, 
and {dn)n S 'C* such that 

(1) a„ = bn + c„ + d„ for n G N. 

(2) ||(6„ni < lim ||a„||. 

n— >LJ 

Proof. Since (a„)„ € £°°, by Proposition 13.141 there exists (6„)„ G Al", 
(c„)„ G C,j, and (d„)n € -C* such that (5„)„ is unique 

modulo Itj, and since p\m" ■ M'^ pNp is a *-isomorphism fProposition l3.15]) . 
we have 

= IIP"^(p(a«)tj-P)ll = l|p(a„)tjp|| < lim ||a„||. 

n— )-LJ 

□ 

3.4 Standard Forms 

Our next step is to show (Theorem 13.191 below*) that the Groh- Raynaud ultra- 
product of a sequence of standard von Neumann algebras is again standard, in 
such a way that the standard form of the ultraproduct algebra is obtained as 
an ultraproduct of the standard forms of the sequence. This result was first 
obtained by Raynaud ( |Ray| , Corollary 3.7) in the case of constant sequence of 
algebras. We give a different proof, since this plays a crucial role in the proof 
of Theorem 14.11 For the convenience of the reader, recall the definition of a 
standard form [Haalj . 
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Definition 3.18. Let (M, iJ, J, P) be a quadruple, where M is a von Neumann 
algebra, H is sl Hilbert space on which M acts, J is an antilinear isometry on H 
with — 1, and P C H is a closed convex cone which is self-dual, i.e., P = P'^, 
where 

P° :=Uei?; (e,??> >0, v^P}- 

Then (A'/, i?, J, P) is called a standard form if the following conditions are sat- 
isfied: 

1. JA/J = M'. 

2. Je = e e P. 

3. xJxJ{P) C P, xe M. 

4. JxJ = X*, X e Z{M). 

Theorem 3.19. Let {M„, Hni Jn-, Pn)n be a sequence of standard forms. Let 
{Hn)uj, let be defined on by 

and let 

e H^; e Pn for alln^fi}. 

Then the quadruple 

is again a standard form. 

Conditions 2. and 3. can be easily verified. For 1., we have to show the 
Raynaud's Theorem that (0'^ M„)' = (Theorem EIIS] below). It might 

look obvious that 4. holds. However, we will see that -Zdl"^ ^^n) is different from 
Yl'^ Z{Mn) in general. Therefore it is not obvious that the equality J^ixJ^ — x* 
holds for X G 2^(11" -^-'n)- However, this can be fixed by showing that condition 
4. is redundant (this has general and independent interest): 

Lemma 3.20. Let [M, H, J, P) be a quadruple satisfying, conditions 1.-3. in 
Definition \3.1iA Then {M, H, J, P) satisfies condition 4, whence it is a standard 
form. 

We use the following Araki's characterization of the modular conjugation 
operator. 

Theorem 3.21 ( |Ara| . Theorem 1). Let be a cyclic and separating vector 
for a von Neumann algebra M on a Hilbert space H . Then a conjugate-linear 
involution J is the modular conjugation operator associated with the state = 
(• ^,^) if and only if J satisfies the following conditions. 

(1) JMJ = M'. 

(2) = e 

(3) aJaJ^) > for all a £ M , and equality holds if and only if a — 0. 
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Proof of Lemma \3.20[ The proof is in three steps. Throughout, 1.-3. above are 
assumed to hold. 

Step 1: Assume first that M has a separating cyclic vector ^ e P. Then 
by Theorem 1 3. 2 11 J is the modular involution associated with ^. But then 4. is 
immediate from Tomita-Takesaki theory |Taklj . 

Step 2: Assume now the slightly more general situation where we have 
£, & P such that MM'£^ = H. Let e and e' be the projections onto M'^ and 
M^, respectively. If / is a central projection in M, and / > e, then we have, 
for all a; e M and x' € M': 

fxx'S, = xfx'S, = xx'^, 

and so / = 1; it follows that the central support of e is 1, and similarly, it follows 
that the central support of e' is 1. Moreover, as 

JM'i = JM'JS, ^ M^, 

we have that JeJ = e'. 

Now, let / := ee'. Then JfJ ~ JeJe,P = e'e = ee' = /. By the proof of 
[Haalj . Lemma 2.6, it follows that {fMf,f{H), J\f{H),f{P)) does also satisfy 
the conditions 1.-3. But as 



= ee'M^ = ee' {H) = /(H), 

and similarly fM'f£^ ~ f{H), we see that ^ is a separating and cyclic vector for 
fMf, acting on ,f{H). Hence by Step 1, we have 

J\f(H)dJ\f[H) = d* 

for all central element d of fMF. But as e and e' have central support 1, the 
map c H> fcf is a *-isomorphism from the center of M onto the center of fM f. 
We now prove that 4. holds in the case under consideration: let c £ M O M', 
then JcJ — c* G M n M', so as JfJ = f, we get from the above: 

= J\nH)fcfJ\fiH) - {Mr 

= {JfcfJ-fc*f)\f^H) 
= fiJcJ-C*)f\f^H), 

hence JcJ ~ c* holds by the injectivity of c i— > fcf. 

Step 3: We now consider the general case. Let {£,a)a C P\{0} be a maximal 
family with respect to the property that {MAl'^a)a forms an orthogonal family 
of subspaccs of H. Let qa be a projection onto MM'£^a- The projections {qa)a 
are clearly central, and as 

JMM'^a = {JMJ){JM'J)J^a = M'MS^a = MM'io., 

one has also Jqa = qaJ for all a. Hence with p := 1 — qa, we have JpJ = p. 
Now, assume that p 7^ 0. As P spans iJ, we may then choose rj £ P such that 
pj] 7^ 0. Let ^ ~ pi]. Then 

^ = pi] = p^rj = pjpjrj e P, 
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and as ^ _L MM'^a for all a, it is easy to see that MM'^ ± MM'^a for all 
a. But this contradicts the maximality of (^q)q, so that p ~ and hence 
J2a la — 1- Now, each of the quadruples 

{qaM, qa{H), J\q^{H),qa{P)) 



satisfy 1.-3. and the condition considered in Step 2, since qa{H) = AIM'S^a', 
hence 4. holds for the above quadruple, i.e., 

J\q^{H)CaJ\q„(H) = C*a\q„{H) 

whenever Cq, is a central element of qaM. 

Now, let c € M n M'. Then g^c is a central element of qaM, and so 

JcJ = J qaCqa ] J = ^ JqaCqaJqa 

\ a. / a 

= X! ■^\qciH)C<laJ\q^lH)<la = ^ C* qa 



□ 

Next we show that the Groh-Raynaud ultraproduct preserves commutant. 
This result was obtained by Raynaud ( |Ray| , Theorem 1.8) in the case of a 
constant sequence of algebras. 

Lemma 3.22. Let be a sequence of Hilbert spaces, and let Af„ e vN(i7„) 

foreachne N. Let = {Hn)u, and M = n"(M«,i?n) and N = lf^{M^,Hn). 
For any ^ G and a' e M' , there exists a € N such that = a'^ and 
\\a\\ < 

Proof. Let ^ = (^n)w G and let a' S M'; to prove the lemma, we may and 
do assume that ||a'|| = 1. Let ry = a'^ = {rin)uj and put 

e„ := sup{(a;77„,77„) - (x^„,Cn>; x S M„, < x < 1}, n e N. 

Then > (n G N), and by wot-compactncss of Ball(M„) n M+, there is 
ixn)n € OnGN such that < x„ < 1 and 

for all n G N. In particular, n^{x) € M, where x = {x„)u:- Also, e.g., by jHWl) . 
Lemma 3.1, we have 

lim e„ = {xr],r]) - {x£,,^) = {xa'^,a'£,) - {x^,0 < 0, 

n— ^cj 

and hence lim„_>ij e„ = 0. Moreover, by definition of (e„)„, we have 
w,,„(a;) < wj„(a;) + e„, x S M„, < a; < 1, n <eN, 

so 

(m) (m) 



21 



and hence by |HW1| . Lemma 3.2, there exists (77^)„ G DneN such that 

WVn — v'nW ^ s-iid ^v'„ — '^irz foi' 6ach n G N. In particular, (77,1)^ = ('7n)wj 
since hm„_j.^ e„ = 0. By |HW1| . Lemma 3.1, we then get (a^)„ £ IlrieN-^^n 
such that ||a^|| < 1 and a^^„ = Vn Let a := 7rt^((a^)^). Then a £ N, 

and 

Also 

||a||= lim |K||<l = ||a'||. 

n— >-LJ 

□ 

Theorem 3.23 ( [Ray] , Theo rem 1.8). Let {Mn, Hn, Jn, Pn)n be as in Theorem 
\3.19l Then one has 

i[ma =n<- 

Proof. Let A = (M„)(^ and B = (Af/J^ and identity these with their images 
under tt^. Then B C ^' is clear, so it suffices to prove that A' C B" . Let 
a' £ A' and ^i,...,^„i £ {m £ N). Let F be the type I,„-factor, acting on 
K = C" . Using the matrix picture of Mn (g) F, it is clear that 

{Mn (g> F)^ ^ A(g) F on H^(g) K, 

(as *-algebras) and hence 

{{Mn ® F)^y = A' ® CI, 

as von Neumann algebras. Thus a' (E) 1 £ (11" (^^n ® ® K))' , and so by 

Lemma [3.221 there is 

a ® 1 e Y[{{Mn ® F)', Hn<EK)=Y[ Mn ® CI 
with ||a|| < ||a'|| and 

(a® l)(a,...,6n) = (a'® l)(a,...,em), 

hence a^j = a'£^j (j = 1, • • • , m). This means that B meets any so- neighborhood 
of a'. As a' £ A' was arbitrary, we conclude that A' C B" , as desired. □ 

Remark 3.24. It does not follow from the above theorem that the ultraproduct 
of a sequence of factors is again a factor, because for a standard von Neumann 
algebra {M,H), the center Z{M) is not always standardly represented in H. 
We shall in fact prove that this is typically not the case (see Proposition 16. 4[ 
and Remark 16.171 below . See also |Ray| , Proposition 1.14). 

Now we prove the main result of this subsection. 

Proof of Theorem \3.19[ It is clear that is a closed convex cone. We prove 
self-duality as follows: assume that ^ — {£,n)uj £ P!^- For each n £ N, there is 
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. . C, C„ e Pn such that 7]+ ± ??„ , C+ -L C„ and e„ = 77+ - 77„ + i (C+ - C„ ) ■ 
Then by ^ E P^, we have 



hm ) = - Urn ||?/„ |p + i hm ((+ - C„ , Vn ) 



|2 

> 0. 



Therefore (r;^ )w = 0. We also have 

hm(e„,e> = hm ((,?+, Ct)±*||C^ IP) 

n— n— >-u; 

> 0. 

Therefore (C±)^ = 0, and {^nh = {v^h e Pu., so = p^. 

Using Theorem l3.231 it follows that 1. holds for the quadruple (J|" M„, iJ^^, Joj, P^), 
and the properties 2.-3. are easily checked. Using Lemma [3.201 the claim fol- 
lows. □ 

Theorem 3.25 ( |Ray| , Theorem 1.1). Let (Af„)„ be a sequence of standard von 
Neumann algebras. Then (J^"Af„)* is Banach space isomorphic to the Banach 
space ultraproduct ((M„)*)(^, in such a way that a normal junctional on M„ 
is implemented by the ultraproduct vectors corresponding to the isomorphic im- 
age in ((M„),) 

Proof. Let {tfn)u S {{Mn)*)uj- As each Ai"„ is standard, we have sequences 

(Cn)n> {Vn)n G IlneN ^« ^uch that 

Vn{x) = (.<„,77„), a; e Af„, n G N. 

and ||(^„|| = = lk/n|P ('^ N). In particular, both (^„)„ and (?7„) 

are bounded. Define := (Cn)Lj and ?7cj := (jyTi)!.!; in {Hn)ui- Then define 
'/'^ e (n"A^")* by 

UJ 

and \\(pu:\\ = lim„^^ ||v3„||. Hence $ : ((A/„)*),^ -J> (11"^^")* defined by 
^((Vn)cj) <<2a; is isomctric. Note also that for (x„)„ G £°°(N, M„), we have 

= lim (/3„(x„). (2) 

Since 7rt^(£°°(N, M„)) is strongly dense in fl" Af„, ^{{(pn)uj) is uniquely deter- 
mined by Eq. ^ and is independent of the choice of (<^„)n, {rin)n- It is clear 
that ^{X{ipn)uj) = A$(((^„)t^) for A G C and G ((M„)*)w Note also that 

if {(pn)cu, {tpnh e ((Af„)*)a;, then by Eq. ©, for (a;„)„ G ^°°(N, Ar„) we have 

$((V5„ + '0„)a;)(7ra;((x„)„) = lim {ifin + V'n)(a:^n) 

n— >-LJ 

= lim (fn{xn) H- lim V-nC^n) 

n—>u} n— ^cj 
= [*((<^«)t.) + 'i>{{i^nh)]{Trcu{{Xn)cu)- 

Therefore by the sot-density of 7r„(£°°(N, A/„)), '^iifn + V'n)a;) = <^{{'Pn)u + 
^{{4'n)ui) holds. Hence $ is linear. Surjectivity of $ follows from Thcorcm l3.19l 
by reversing the above argument. Therefore $ is an isomctric isomorphism. □ 
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In the following, (M„)„ is a sequence of standard von Neumann algebras, 
and we identify {(pn)Lu G with its image hi {JJ'^ M„)*. 

Corollary 3.26. Let ip be a normal state on ]^"M„. Then there are normal 
states (fin G (A/„)* such that if = {ipn)ui- If olU Mn are a-finite, then we may 
choose the states (pn such that they are also faithful. 



Proof. Since J| M„ is standard fTheorem I3.19|) . there exists G P^j such 
that Lp = By definition, has a representative (^n)n where ^„ £ P„ for 
all 71 G N. As 1 = \\ip\\ = llfipiP = lim„^(^ llCniP: we may choose each ^„ to be 
a unit vector. Then := e S',i(A'f„), and ip = (<Pti)w Now suppose each 
Mn {n e N) is cr-finite and take e S'nf(Af„) (n e N). Let 



ip'n.= [l--] ipn + --iAn, n G N. 

\ n J n 



Then </?Jj is a normal faithful state on M„ for each n G N, and ((ysj^)^ = {fn)ui — 
if. □ 

Corollary 3.27. Let 6e a normal faithful state on A/„ for each n G N, and 
let Lp he a normal faithful state on (M„,93„)'^. Then there is, for each n G N, 
a normal faithful state on Mn, and a *-isomorphism $ : {Mn,'Pn)'^ ^ 

{Mn, IpnY, such that {'il)nY O $ = ^. 

Proof. Let N Mn and w : L2((M„, (^„)", (^„)") ^ L^^^,.^^^ ^c as 

in Theorem 13.71 and that (A'/„,(p„)'^ = w*Nw. Let be a normal state on N 
defined by 

(p{x) :— ip{w*xw), X G N. 

The support projection p of is ww* . By the Corollary 13.261 we may choose 
normal faithful states ipn on each M„ such that ip = {ipn)^- Then the support 
projection of {il)n)u is also p. Defi ne it; : i2((M„, V'™)", (V'n)") ^ L^(M„,?/>„)^ 
as in Theorem 13.71 By CoroUarv 13.161 p : (A/„,(y5„)" 9 x i-^ wxw* G pA'^p 
and p : (A'/„,'0„)" 9 y wyw* G pA'^p arc *-isomorphisms and (V'n)" ° 
p^^ — {ipn)Lj\pNp = 'filpNp- Here, we identify standard representation of N on 
L'^{Mn,'Pn)uj and on L^(M„, V'ti)^- Define a *-isomorphism $ : (Ajf„,(^„)" — > 
(M„, by $ := p^^ o p. Then for x G (Af„, v?„)", we have 

i^nr O ^x) = {^Pnr O p-'{wXW*) 

= 'p\pNp{wXW*) = tp{w* WXW* w) 

= V{x), 

whence (V'n)" o $ = holds. □ 
Recall that 

Lemma 3.28 f |Haal| . Corollary 2.5 and Lemma 2.6.). Let {M,H,J,P) be a 
standrad form, p a projection in M , and q — pjpj. Then [qMq, q{H), qJq, q{P)) 
is standrad, and pMp ^ pxp i— > qxq G qM q is an isomorphism. 

Therefore by Corollary 13.161 Theorem 13.191 and Lemma 13.281 we have 

Corollary 3.29. Let M^ = (Af„,^„)": f"" = N = U'^ Mn q ^ 

pJcjpJuj o,nd H^^ = L'^{M'^ ,ip^). Then (Af" , iJi^i^ , J^i^ , P^i^ ) is isomorphic to 
{qNq,qHi^,qJ^q,qP^) as a standard form. 
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3.5 Golodets' Asymptotic Algebra C^j ^ M' fl ikf^ 

In this section, we describe Golodets' construction of the asymptotic algebra 
from our viewpoint. Let M be a cr- finite von Neumann algebra, and let 
(p S S'nf (M). Consider the GNS representation of M associated with ip, so that 
if ~ uj^ with a cyclic separating vector on a Hilbert space H. Consider the 
following state Tp on = M): 

^((a;„)„) := lim ^(x„), (.t„)„ € £°°(N,Af). 

n— ^a; 

Let ttgoI ■ B(-ffGoi) be the GNS representation of ^ with cyclic vector ^ 

satisfying <^ = w^. Let e,^ be the projection of i?Goi onto 7rGoi(^°°)'C- Define 

^ := e„7rGoi(^°°)"e„ C l(e^i/Goi). 

Let be the set of all x = {xn)n G for which TTGo\{x)e^ G and 
nGo\{x*)e^ G ^ hold. Then ( poll] . Lemma 2.3.3), ]V is a C*-subalgebra of 
Morevoer, 

/ := i S = (.T„)„ e TV; lim a;„) = \ 

L n— J 

is a closed two-sided ideal in A^, and ■nGo\{N)e^ = ^ = N/I. Let Md be the 
subspace of £°°{N,M) consisting of constant sequences {x,x, ■ ■ ■)n, x € M. 
The the asymptotic algebra C^j of M is defined by 

C^j .^n ^Goi(Mrf)' C Mie^Hcoi). 

We show that Golodets' construction is equivalent to Ocneanu's construction. 

Theorem 3.30. N = ^ ^ A/" and Cfi ^ M' n Af" hold. 

Let i/tj be the ultrapower of H , and let : £°° —J- B(_fftj) be the ultrapower 
map (a„)„ i-> (a„)(^ (we identify (a„)tj with its image in B(i7^) as before), and 
let :— (^ip)w G -f^w Let J = be the modular conjugation and Juj be its 
ultrapower. For x £ £°°, we have 

lp{x) = lim (Xn^^Av) = ((a;n)a;?(.j,Ci^)- 

Therefore by the uniqueness of GNS representation, we may identify 

i^Goi = ^hJj^%, ? = C^, 7rGoi(a;) = 7r„(3;)|ff^„,, (x G 1°°). 

Recall that we defined a projection p of iJ^^ onto ( M)'S^i^ (see Definition l3.12[) . 
Then J^pJu is the projection of iJ^^ onto (J|" A^)^^^. We use such abbreviation 
as M'^,Iuj,C^ as in ^31 

Lemma 3.31. Lei S = (x„)„ G ^°°(N, Af), and let q = pJujpJu- Then x G M'^ 
if and only if q{xn)uj (a^rOcu?- 

Proof. If X G , then p(a;„)t^ = {xn)ujP holds by Proposition 13.151 Since 
P, (a;„)c^(G n" ^'j'^) commute with JujpJuj, we have {xn)ujq = q{xn)ui- 
Conversely, suppose that (xn)u)<l = q_{xn)uj holds. This implies that 

{X^-^^LUP JujPJuj — JuPJujP (^7i)w- (3) 
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Let (a„)tj G T(^. We have to show that (a;„a„)* G and (a„a:„)„ € L^^. By 
(a„a::„)„ € Eq. © and (a*)„ = we have 

hence (a*a;*)n G Cu;. (an^n)n € is proved similarly. Therefore (x^an) 

belongs to X^j and (x„)„ € holds. □ 

Proof of Theorem \3.3(A Let e^^j be the projection of onto iJcoi- By Lemma 
13.131 (2), we have 



n in 



Therefore Cq^j = JuipJuj- Furthermore, as ttgoI = tTcj | Hgoi i we have 



= qH^. 

Therefore it holds that (of. Corollary E^Sl) 

We now show that 'N ^ M'^ . 

Suppose X € . Then by Lemma [3.311 

Similalry ■nQo\{x*)euj € ^ holds, and x £ N. Conversely, suppose x & N. Then 
nGoiix)euj e ^, so 

7rGoi(^)ew = ea;7rGoi(^), 

whence 7r„(x)g = g7r„(x). By Lemma 15311 x G M'^ holds. Therefore TV = M'^ . 
Note that by Corollarv l3.11l this also shows that 

Finally, as the constant sequence M in is mapped to 7rGoi(Afd) under the 
isomorphism ^ g(n" we see that C%j- = M' n A/". This finishes the 
proof. □ 

Remark 3.32. Golodets [GoIT] defined C^j for a factor M with separable 
predual. As the above proof shows, that isomorphism class of Cf^.j does not 
depend on ip, holds for any cr-finite von Neumann algebra. On the other hand, 
the state (p = '^Ic^j does not depend on if M is a factor. This point will be 
clarified in 
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4 Tomita-Takesaki Theory for Ultraproducts 



4.1 Modular Automorphism Group of a Ultraproduct State 

In this section we show that the uhraproduct action of the modular automor- 
phism group on the Ocneanu ultraproduct is still continuous. This is the key 
result for all the subsequent analysis. In the case of constant algebras, similar 
results were obtained by Golodets jGoU) for his auxiliary algebra and by 
Raynaud |Ray| for the corner p{Y\'^ M)p which corresponds to Af" (see Propo- 
sition I5TT51 Here, p is the support projection of {ipn)uj as in Definition 13. 12[) . 

We prove next the corresponding result for a general sequence of cr-finite von 
Neumann algebras with normal faithful states. 

Theorem 4.1. Let {(A/„, (pn)}^=i be a sequence of von Neumann algebras with 
faithful normal states. Let A/" = (A/„, (/3„)'^, ip'^ = {ip„)'^ ■ Then 

In particular, 1 > {af")'^ is a continuous flow on (M„,iy9„)". 

This is not an obvious result as it might look for the first sight. Indeed, it 
is known that the ultrapower of a continous action of a topological group on a 
von Neumann algebra M is often discontinuous on M'^ . 

To prove Theorem 14. 1[ we need preparations. Consider a sequence {Hn — 
L'^{Mn,(pn))n of Standard Hilbert spaces, let H^^ = {Hn)u, and as before we 
identify (a„)^ with 7r^((a„)^) € M{H^) for every (a„)^ £ (B(iJ„))^. 

Lemma 4.2. Let {an)n G IlTieN ®(-^")sa with spectra satisfying CT(a„) C [0,1] 
and 0,1^ crp(a„), n e N. Then a = {an)u G 'E>{H^) satisfies < a < \. 
Moreover, if K C Huj is a closed suhspace invariant under a, and with 

K n Ker(a) = {0} = K n Ker(l - a), 

then for every hounded continuous function g on (0, 1), we have: 

(i) K is invariant under {g{a„))i^; 

(ii) {g{a„))cj\K = g{a\K)- 

Remark 4.3. From the assumption and the first claim, a{a\K) C [0, 1] and 
0, 1 ^ (Tp{a\K), and so g{a\K) is well-defined. 

Proof. From the identification a = TTu:{{an)u:), it is straightforward that < 
a < 1, also that 

(/(«n)). = /(«) (4) 

for every polynomial / on [0,1], hence (by Weierstrass' Theorem) for every 
continuous function on [0, 1]. 

Now, let p denote the projection of onto K. As a{K) C K, p com- 
mutes with a, hence with all spectral projections of a. In particular, K is 
perpendicular to both Ker(a) and Ker(l — a), so K C l(o,i)(a)(iJtj), where 
Ix denotes the indicator function of X C M. Hence K — Vo<e<i where 
i^, = l(,,i_,)(a)(i/„)ni^. 
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Fix now £ € (0, ^) and fix a continuous function on [0, 1] witli 

/e([0, |] U [1 - 1, 1]) - {0}, 1 - £]) - {!}. 

Also, fix ^ = {^n)uj <= -?^'e and a continuous function g on (0,1). Choose a 
continuous function h on [0, 1] such that g{t) = h{t) whenever § < i < 1 — §. 
Also, let Cn /s(a„)C«, neN. Then 

(e;). = (/e(a„)en)c.-/e(a)e-e, (5) 

where we used Eq. Q in the second last equality, and in the last equality that 
5 € l(e,i-e) and /elfg = Because g — h on the support of 

/e, we have 

9MC = hian)C, n e N. (6) 
Also, as p commutes with i_£)(a), and g ~ h on (e, 1 — e), one has 

g{a\K)^ = ff(ak)l(e,i-e)(aH 

= g{a\K)i(e,l-e){a\K)p^ 

= /i(a|if)^, 

but as h is continuous on [0, 1] (hence bounded) and ^ G K, this entails 

g{a\K)( = /i(a)e (7) 
Now we get, by Eqs. ©, dH), ©, (U) and ^ respectively: 

= {h{an))u:^ = h{a)£, = g{a\K)C 
As A' = Vo<e<i ^'-'^ S"^^ (i) ^'^'^ (^i)- '-' 

Lemma 4.4. _For eac/i ti G N, let A„ 6e a positive self-adjoint (possibly un- 
bounded) operator on Hn, such that ^ (Tp(A„). Le< a = ((1 + An)^^)uj G 
B(iJtj), and /et K C iJ^^ fee a closed subspace which is invariant under a. If A 
is a positive self-adjoint operator on K with ^ crp(A) and with 

(l + A)-i=a|K, 

then 

(Ajf)^|x = A**, ieM. 
Proof. Let a„ := (1 + A„)"\ n e N. Define 

gt(a;) := (a;-i - 1)**, a;e(0,l), t € M. 
As 0, 1 ^ o'p(a|/f) = crp((l + A)"^), Lemma lO gives 

(5t(an))wk = fft(a|-ft:)7 i e K- 
This shows the claim, as 

<?t(a„) = Ajf, nGN, t € R, 

and 

5t(a|if)=5t((l + A)-i)- A**, teM. 

□ 
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Lemma 4.5. Let e, / be projections on a real Hilbert space such that e A / + 
A / = /. Then ef = fe holds. 

Proof. Note that e A f < f{e A f)f < fef and similarly e-^ A / < fer^f. 
Moreover, fef + fe^f = f. Hence eAf + e^Af~f implies that e A / = fef 
and e^ A f = fe^f. It follows that e/e is a positive self-adjoint operator whose 
squre (efeY ~ efefe ~ fef is the projeetion e A /, whenee e/e itself is the 
projection e A /. It then holds that 

(e/ - /e)*(e/ - fe) = /e/ - e/e/ - /e/e + e/e 

= eA/-e(eA/)-(eA/)e + eA/ 
= 0, 

whence e/ = fe holds. □ 

Proof of Theorem Consider for each n € N the standard representation 
of M„ on Hn = Lr(Mn,'~Pn), and write N = Yi'^ for simplicity. Define 
:= {Hn)uj and J„ (J^„)w. Let v^oj := (<Pn)w € ((M,i),)^ = TV* and let 
p := supp((/9tj) e -^^n (<^f- Corollarv l3.16l and Theorem 13. 25p . By Corollary 
13.291 we have AT^ = pNp = qNq with q := pJujpJu, and with this identification, 
we have 

L^(A'/", (p") = qHu,, J^^ = gJoj? = pJuiP- 

Let S'^„ (resp. fi^„) be the closure of the closable (conjugate-linear) operator 
5*°^ (resp. F^^ ) on defined by 

dom(S'° J = Af„e>p„, := (x G 

dom(F°J = A/;C^„, F0„2/e^„ := y*^^^ [y e A<). 

Since F^^ is the adjoint of S^^ (cf. [Tak5| or |KRj . Corollary 9.2.30), they are 
the adjoint of each other with respect to the real Hilbert space structure of iJ„. 
Therefore by [Rudj . Theorem 13.10, we have the following decomposition as a 
real Hilbert space: 

Hn ©R Hn = G{S^^ ) (Br VG{F^^ ) , 71 e N, 

where ^ = and G{T) is the graph of a closed operator T. Taking the 

ultraproduct, we obtain 

H^ G)R H^ = (GiS^J)^ ®R VUGiF^Jh, (8) 

where = {V)uj- Let (fi^ := (pu,\pNp ° G ilNq)^ be the image of under 
the isomorphism M'^ = qNq, where $ : pNp 9 a; i— > p'xp' G qNq,p' = JuipJuj- 
Let X € pTVp. Then by Lemma 13.131 (1) and Proposition 13.151 there exists 
{xn)n S M'^ such that X ~ {xn)ujP ~ p{xn)ui- Therefore it holds that 
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which shows that {p'xp'^,^,, S^^p'xp'^,^,) & qH^j ®k qH^ n [G{S^^))^. Doing 
similar computations for F^^ , we obtain 

G(^^J C (G(5^J)„ n [qH^ ©K qH^), (9) 
V^G{F^^) c K.(G(F^J)„ n {qH^ ©R (10) 

Similarly, using = have 

G{S(pJ®s.V^G{FcpJ=qH^®WLqHu,. (11) 

Let i? be the real orthogonal projection of H^^ ©k onto {G{S^^))^, and let 
:= 9 © g- By Eq. ([5]), -E^ is the real orthogonal projection onto VLjG(F^^). 
By Eq. ^ and (HI]), we have 

ran(£;AF) D G{S(pJ, 
Tan{E^AF) D K.G(F^J, 

ran(_F) = qi?^ ©m gHi^. 

Let P, Q be real orthogonal projections from ©r iJ^ onto G{S^^ ) and 
K;G(F^^), respectively Then P < E A F,Q < A F holds. On the other 
hand, by Eq. ([TT|) we have 

P + Q = F>EAF + E^F. 

Therefore it follows that P ^ E A F,Q = E^ A F and E A F + E^ A F = F . 
Therefore by Lemma 14.51 E and F commute. Let £"„ be the real orthogonal 
projection of _ff„ ©r i/„ onto G{S^p^^) {n e N). Then E is the ultraproduct of 
(£"„)„, and by (the proof of) Corollary 6.11 |HW1| . we know that 




Let a„ (1 + A^„)-\6„ := J^„(A|„ + A^^)-^ e B(iJ„), and let a„ 

•= {bn)u: G B(-ffi^) (&ri, are regarded as real linear operators). 
Then it holds that 



E = 



Since E — (Eri)u} commutes with = q J ' commutes with q and qii^^ 

is a^-invariant. Therefore we see that EE is the projection of iJ^j ©r onto 
G{Sf,^), which is of the following form: 

EF^EAF={ ('t^^^K'^ ^.(Ai+A~:)-.y 
Vj^ja|^+atj)-v (1+A^j-ig ; 

This shows that 



a^\,H^ = (1 + A^J-^ (12) 
Now by Lemma 14.41 we have 

(A;*J-|,h. =Aj*^, teR. (13) 

From this equality, we have that {af")'^ = af for alH S R because ip'^ corre- 
sponds to (p^ under the identification M'^ = qNq. □ 
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Remark 4.6. Note that the ultrapower t H> (af" )" can be defined on jX^ 
(quotient as a Banacli space), and it is indeed quite discontinuous on it. We 
show an example. 

Example 4.7. Let < A < 1 and Rx = {8>r'^i(^^2(C), ta) be the Powers 
factor of type IIIa, where t\ = Tr(pA-)i Pa = "^i^glTTA ' TTa)- "^^^ modular 
automorphism group of = (^^j^ t\ is given by '^t^ ^ where 



a b 
c d 



Define 



1 

1 



a \H 

0n 



a, 6, c, d e C, t e 



«) 1 (g) 1 • • • e i?A, neN. 
It is clear that (a;„) e ^°°(N, Rx)- We see that 



|crf (Xn) - XnWl 





A-" 







2- 



A** 
A-** 

+ A- 



1 

1 

8" 



A-'* 






A'* 



1 + A 



+ A*^ 



1 + A 



It follows that since 





2 


A + A-2»* 


1 + A 




1 + A 



_ A^ + 2Acos(2ilogA) + 1 
~ A2 + 2A + 1 ' 

the second term tends to zero as n — )• cx) whenever |f| is small but nonzero, say 
< |t| < 7r/(6| logAj). The same happens for the third term, and we see that 
lim„_>^ ||crf (a;„) — x„||i^ = \/2 for small enough \t\ ^ 0. This shows that 

lim lim \\af{xn) - x„|L = \/2 7^ 0. 

We state few immediate useful consequences. Similar results to (2) is ob- 
tained by Golodets |Gollj by a different proof. 

Corollary 4.8. Let (Af„,(y5„)„ be a sequence of pairs of a -finite von Neumann 
algebras and normal faithful states. Let {Xn)n G 7W"(M„,iy9„) and put ip^ = 

(1) AjJ.(2;„e^J„ = (A^*^a:„^^J^ for all t e R. 

(3) // Mn = M,ipn = (p {n €z N) for a fixed M and ip, then a{A^ui) = 
a(A^). 
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Proof. By Theorem 14. 1[ we have 

Therefore (1) follows. For (2), by the proof of Theorem 14. 11 we have G{SipL^) = 
{G{S^))uj n qHi^ e qH^. This implies that 

To prove (3), note that A^^ |2,2(jif_^) = A^, so cr(A^) C a{A^,^) and ct((1 + 
A^)-i) C (t((1 + A^^ )-!)). On the other hand, by Eq. (dH, we have 

a((l + A^. C am + A^r'r) = + A^)-i), 

because (l+A^)^^ is bounded and cr(a") = '^{o-) holds for a bounded operator a. 
Therefore a{{l + A^u.)-'^) = cr((l + A^)"i), whence ct(A^^) = a{A^) holds. □ 

Therefore A^lo behaves like the ultrapower of A;^. Let use remark a subtle 
difference between the ultrapower of bounded operators and A^i^ . It is easy 
to see that for a bounded operator a, cr^a"^) = crp(a") holds. However, the 
analogous result for A^^ does not hold. 

Proposition 4.9. Let M be a type IIi factor. There exists (p G Sni{M) for 
which ap{A^^) C (t(A^ij) \ {0} holds. 

Proof. Let r be the unique tracial state on M and consider the standard rep- 
resentation of M. Let h G M+ be such that cr(/i) = [^,2] and that the distribu- 
tion measure Hh corresponding to h with respect to r has absolutely continuous 
spectra in [i, 1] and purely atomic spectra in (1,2]. Here, fih is determined by 
moments 

J^tPdfih{t)=r{hP), (peN). 

Define ip G Snf{M) by ip{x) := T{hx)/T{h),x € M. Then A^ = h{JhJ)-^. 
Since M is a factor, J27=i ^iVi ^ ® Vi i^i ^ M,yi £ M') induces a *- 

isomorphism between the *-algebra generated by M and M' and the algebraic 
tensor product M M' . Therefore C*(M, M') ^ M (g)a M' for a C*-tensor 
norm || • ||q,, and since C*(/i), C*{JhJ) are abelian hence nuclear, we have 
C*{h,JhJ) = C*{h) (g) C*{JhJ). Consequently, it holds that (cf. CoroUarvOl 
(3)) 

a(A^.) = a(A^) - G a{h),te a(J/iJ)} = [i,4] . 

Let h be the image of h under the canonical embedding M C M". Let be 
the distribution measure of h with respect to t". Since T'^{hP) = r(/i^') holds 
for all p € N and both /i, /i are bounded, yU/i = /.(^ holds. Now we show that 

ap(A^.)n([i,i]U[2,4])=0. 

Suppose there were A S [2,4] n (jp{A^^). Then there exists u G M'^ such that 
= Xip^u holds. By taking the polar decomposition, we may assume that u 
is a partial isometry. Since f'^ = T'^{h-), this implies that uh = Xhu. Moreover, 
as u*u and mm* belong to (M");^i^, they commute with h. It follows that 

u{hu*u)u* — {Xh)uu* . 
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This shows that both K = u*uL'^{M'^ ,t'^) and L = uu*L^{M'^ ,t'^) are h- 
invariant subspaces, and u induces an isometry of K onto L. In particular, h\K 
and (A/i)|l arc unitarily equivalent operators, whence a{h\K) — cr(A/i|L) holds. 
On the other hand, we know that 

a(h\K) C [^,2], a(A/iU)c [|,2A]. 

Since A S [2,4], this shows that a{h\K) = o-(A/i|i) C [^,2] However, ^^|^ 
restricted to [1, 2] is discrete, while ^J■)Jl\J^ restricted to [■^, 2] C [1, 2] is absolutely 
continuous, a contradiction. Therefore (Tp(A^^ )n [2, 4] =0. ap{A^L.)n[j, ^] =0 
can be shown similarly. This proves that (Tp(Aip^) C a{Aipui) \ {0}. □ 

Remark 4.10. Proposition 14.91 states in particular that for < A e cr(A(p) \ 
<7p{A^^), there is no bounded sequence (x„)„ of M with ||a;„^i^|| = 1 (n G N) 
satisfying 

1 1 

lim ||A^x„^^ - A^Xn^^ll = 0. (14) 

n— f oo 

For if there were such sequence, Corollarv 14.81 would imply that (x„)„ defines 

1 1 

a nonzero clement {xn)'^ £ A/" satisfying A^^(a;„)"^^^ = A^ whence 
A e ap{A^^). On the other hand, as A/(cr'^, [logA - i,logA + i]) ^ {0} for 
each n S N, there exists a (necessarily unbounded) sequence (x„)„ C M with 
||a;„^>^|| = 1 (n € N) satisfying Eq. (fTi)) . 

Next, we show that elements of A^'^ are characterized by the spectral con- 
dition for {<j''^")n- 

Proposition 4.11. Let (Aln, 'Pn)n be a sequence of a -finite von Neumann al- 
gebras and normal faithful states. Then for (x„)„ G £°°(N, A/„), the following 
conditions are equivalent. 

(1) (x„)„ G Al"(M„,(p„). 

(2) For every £ > 0, there exists a > and {yn)n € {Mn,ipn) such that 

(i) lim \\xn-yn\\% < e, 

(ii) 2/„ € Af„(cr'^",[-a,a]), n € N. 

In this case, (y„)„ can he chosen to satisfy ||(yn)"|| < IK^^n)'^!!- 
We need preparations. Recall two summability kernels on M. 
Definition 4.12. The Fejer kernel Fa : M ^ K (a > 0) is defined by 

l-cos(«t) ^^^^^ 

(i = 0)' 



(|A|<a) 
(|A|>a) 
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It holds that < Fa and ||Fa||i = Fa(0) = 1. Moreover, we have 
hm / Fa{s)(b{s)ds = hm * / - /111 = 0, 



for all continuous bounded function (p on M and / e L^(M). The de la Vallee 
Poussin Kernel Da : M — > R is given by 



cos(at) — cos(2at) 



Da{t)^2F2a{t)~Fa{t)^ { nat^ 

3a/27r = 0). 



Its Fourier transform is 

(|A|<a) 

Z?a(A)=<(2-^ (a<|A|<2a). 

(|A| > 2a) 

For the details of summability kernels, see e.g., jKat] . 

Lemma 4.13. Let {xn)n S ^°°(N, M„). // there exists a > such that x„ G 
Mniaf",[-a,a]) holds for all neN, then (x„)„ € M"{Mn,ipn)- 

Proof. We show that the map t i-^ af'''{xn) is extended to an entire analytic 
M„-valued function satisfying 

||o-2"(a;„)|| < Ca,z||a;„||, z e C, 

where Ca^z is a constant depending only on a,z. Since x„ G M„((t'^", [—a, a]) 
and the de la Vallee Poussin kernel satisfies Da = 1 on [—a, a], we have Xn = 
cr^" (x„). Therefore for t € R, we have 



crf"{xn)^ I Da{s)af^^{x„)ds 

Da{s - t)(7f"{Xn)ds. 



By the explicit form. Da = 2F2a — Fa has an analytic continuation to C. By 
(the proof of) jHaa2j . Lemma 4.2, we have 

|Fa(s + it)|ds < e"!*! G R). 

Therefore for z € C, s H> Da{s — z) is in L-'^(R), and t i-> af"{xn) has an 
M„-valued analytic extension: 



CT^"(a;„) = / Dais - z)af"{xn)ds, zeC. 

Then we have 

MHXn)\\< I \Da{s-z)\\\af-{x„)\\ds<Ca,A\Xn\l 
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where Ca,z ■= 2e2°|i™(^)l + e°-\^^A , Let (y„)„ G It follows that 

\_ 

IK^^rtJ/n) ||v3„ — I Ij/n'^yn ■^nCvn 1 1 

~ I l'A'nyri'^<Pn'''^!i/2 (•^")^<Pn I I 

< Ca-il2Wn\\ ■ ||yn||<p„ 

-> 0. 

Similarly, ||y„a;„||;p — > (71 — > w). Hence (x„)„ G □ 

Lemma 4.14. Let f G ^^(R), and (i-„)„ G 7W"(Af„, .^„). T/ien (crj"(x„))„ G 
7W"(M„,^„) and crj"((x„)'^) = (crj"(x„))'^ /loWs. 

Remark 4. 15. One might think that this is a direct consequence of ((x„)") = 
((Tf"(x„))" fTheorem 14. 1[) . However, we must show that 

f{t){at-{xn)rdt=( I f{t)at-{xn)dt 



i.e., the order of integration and ultralimit can be changed. 
Proof of Lemma \4-14\ We first prove 

Claim. i<j'^:p^{xn))n e M^iM„,ipn) and crf^pJixnT) = (^^/^f^ (a^n))" holds. 
Since supp(/ * Fa) C supp(Fa) = [-a, a], we have cr'^^p^ixn) G M„(cr'^", [-a,a]~ 
for all n G N. Therefore by Lemma l4J3l we have (cj^^.^ (a;n))n G A^'^(-Mn, ^n) 
Next, consider a bounded continuous function Qa : (0, 1) — >■ C given by 

Qa{t) := (/TF,)(log(t-i - 1)), t G (0, 1). 

Then we have 

g,((i + <)-!) = (/TK)(iogi), iGK- 

By Lemma [4.41 and (the proof of) Theorem 14. 11 we have 

Qa((l + A^.)-i) - (g,((l + A^J-i))^|,ff^ 
It then follows that 
<F„((a^n)")V = /^a(logA^.)(a;„)"e^. = Qa((l + A^.)-i)(x„)"^^. 

= (Qa((l + A^J-i))„(a;„ev>Jt^ = (/^(log A^Jx„^<^J^ 

Since ^^u, is separating for (Af„,(^„)", we have cr^H.F„ ((^^n)'^) = (^/^f^ (a^"))"- 

Now we prove that (cr^"(a;„))„ G 7W"(A/„,i^„) and ct^ = (crj" (a;„))'" 

holds. 

Since ||/ * Fa — f\\i "'^^ Q, we have 

sup||a;"(x„)-a;;^Ja:„)|| <sup / - (/ * ^^a)(i)l ' lk^(a^n)IMi 

n>l ri>ljR 

-sup||x„||.||/-/*F„||i''^°°0. 

n>l 
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By the Claim, (c^^i?^ {xn))n G M^{Mn, (fn)- Therefore as M^{Mn, (fn) is norm- 



closed, we have (crj"(x„))„ S A^"(M„, iy9„). Finally, suppose e > is given. By 
similar arguments to above, there exists a > such that 



Then by the Claim, we see that 



crj"(x„) 



< 



< e. 



< 2e 



Since e > is arbitrary, the Lemma is proved. 



□ 



Proof of Proposition \4.11\ (1)=>(2): Let {xn)n G M'^{Mn,tfn) and put x 
{xnY ■ Also, define 

Xa ■= cJ%l{x) e (M„, (p„)" (a > 0). 



Then we have lima_ 
is continuous and bounded, we have 



0. Indeed, since <^ : t ^ \\x ~ af (x)\\^^oj 



Fa{t){af {x)-x)dt 

< I Famx~afix)\\l.dt 
*(0) = 0, 



whence the claim follows. Therefore there exists a > such that y dp (x) 
satisfies \\y — x\\ip^ < e. We have ||y|| < ||Fa||i||x|| = ||a;||, and by Lemma 13.141 
y = {VnY , where y„ = cr^"(a;„) (n S N). Therefore {yn)n satisfies all conditions 
in (2). Note that we also have \ \yn\ \ < ||a;n|| (n G N). 

(2)^(1): Suppose (x„)„ S ^°°(N, M„) satisfies the conditions in (2). Let e > 
0. Then by Lemma [4.131 and by assumption, there is (a;J^)„ € M'^ such that 
lim„_^„ \ \xn 
that 



1 1 



^ < e. Let {yn)n & luj with sup„>]^ Il2/n|| ^ 1- Then we see 



lim \\{xnyn 



< lim < 

< e. 



I * ' A* 1 1 \ 



Since e > is arbitrary, we have lim„_!.(^ Il(2;ii2/n)*llvn ^ Similarly, we also 
have lim„^tj ||2/Tia;Ti||<p„ = 0. This proves that (a;„)„ G A^". □ 



4.2 Strict Homogeneity of State Spaces 

As an application of the Groh- Raynaud ultraproduct, we prove that it pro- 
vides examples of von Neumann algebras for which all normal faithful states are 
unitarily equivalent. We also prove that this property is only possible for von 
Neumann algebras with non-separable preduals (besides C). 
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Definition 4.16. Let Al be a cr-finite von Neumann algebra. Then Snf{M) is 
said to be 

• homogeneous, if for any (p,ip G Sn[{M) and any e > 0, there is u € U{M) 
such that ||u(/3u* — i/'H < £\ 

• strictly homogeneous, if for any ip^ip Cz Snf{M) there is u G U{M) such 
that uipu* = Tp. 

The following is immediate from results by |CS| . [CHS| . 

Tiieorem 4.17. Let M be a a-finite von Neumann algebra. The following are 
equivalent: 

(1) M is a factor of type Ii or type IIIi. 

(2) S'nf(Af) is homogeneous. 

Proof. (1) ^ (2) is the main resuh of [CS], while (2) ^ (1) follows from [CHS] 
(note that the separability of Af* imposed on [CS] can be removed. See Remark 
lO) . □ 

Lemma 4.18. Let M be a a-finite factor not isomorphic to C with strictly 
homogeneous state space. Then 

(1) M is a type IIIi factor. 

(2) For ip^tl! £ Sn{M), there exists a partial isometry u Cz M such that 

u*u ~ supp(iy9), uu* = supp(7/'), and ip ~ uipu* . 

Proof. (1) We have to show that M has state space diameter 0. But since 
Sn[{M) is norm-dense in Sn{M), this is the consequence of the strict homogene- 
ity of SnliM). 

(2) By (1), M is a type III factor. Hence there is a partial isometry v £ M 
such that v*v = supp{(p), vv* = supp('0) holds. Put ip' := v*'ipv. We see that 
supp(?/'') = V* s\i\)\){tp)v = supp(iy9). Since M is of type HI, Msupp(y) = M has 
strictly homogeneous state space. Therefore regarding ip,ip' € fSnf (Afsupp(^')) we 
may find w G AIsnp^(ip) with w*w = ww* — supp((y9) such that — WLpw* . 
Then u :~ vw satisfies 

u*u = w* S'app{ip)w = supp(<y9), 

uu* = V supp(iy9)u* = vv* ~ supp(?/'), 

Uipu* ~ VWLpUJ*V* = Vlp'v* = Ip. 

□ 

By the homogeneity, the Ocneanu ultraproduct of a type IIIi factor does 
not depend on the choice of a sequence of normal faithful states. 

Corollary 4.19. Let M be a a-finite factor of type IIIi O'nd {tpn)n C Sni{M). 
Then {M^i^nY = M'^ . 
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Proof. Let ij} <E S'nf(Af) and choose (by Connes-St0rmer transitivity, cf. Theo- 
rem UTT]) a sequence (u„)„ of unitaries in M such that 

IIV'- WnV'n<|| < -, neN. 

71 

Then = (M„VnO<^ and so = (M,^')" = (M,?/'„)" by Theorem O (cf. 
also the remark after Proposition l3.2l) . □ 

Theorem 4.20. Let M he a a-finite factor of type IIIi, let Af„ = M {n G N), 

and /ei A'^ = ]^"M„. Then N is not a-finite, but for any a-finite projection 
p G N , one has that pNp has strictly homogeneous state space. In particular, 
N and are factors of type IIIi . 



Another proof that iV is a type IIIi factor will be given in i i6.2l 

Proof of Theorem \4-20\ Let (p,ip be normal states in N. By Corollarv 13.261 
there are sequences of normal states (</5„)„, ('0n)n C A/* such that ip = {Lpn)u 
and ip = (V'n)^- By Theorem 14. 17[ there is {un)n C U{M) such that ||u„(^„u* — 
ipn\\ < ^ for all n G N. Now, let u := {un)uj e U{N). Then uifu* = Ip. Hence 
all normal states of N are unitarily equivalent; in particular, N is not a-finite 
(there can be no faithful normal states in this situation). 

If p G iV is a CT-finite projection, let ip, "0 be normal faithful states on pNp. 
Then ip ppp and ■0 P'pp define normal states on with support p. By 
the above, we may choose u G U{N) such that uipu* ~ ip. Then upu* — p and 
hence v := up € lA{pNp). Also vi.pv* = uipu* — tp — ^p on elements oi pNp. 
Hence Snf{pNp) is strictly homogeneous. □ 

Remark 4.21. The above theorem implies that for a cr-finite type IIIi factor 
M, every a G Aut(M'^) is pointwise inner in the sense of jHS2j . 

We remark that no von Neumann algebra with separable predual has strictly 
homogeneous state space: 

Proposition 4.22. Let M be a a-finite factor not ismorphic to C with strictly 
homogeneous state space. Then is not separable. 

Lemma 4.23. Let M be a a-finite factor not isomorphic to C with strictly 
homogeneous state space, and let ip G Sni{M). Then for any A G (0, 1), there is 
a projection p G such that ip{p) = A holds. 

Proof. Put M M ® M2(C), 9 := ( , ^ ) , and q — ^ 



\0 {1-X)tpj' \0 Oj 

It holds that q G Mg, and 9{q) = A. Since AI is of type HI, there is an 
isomorphism $ : M M. Then i]j -.^ 6 o := $(9) satisfies p' G 

and "ipip') = ^- Choose, by strict homogeneity of S'nf (A/), u G U{M) such that 
uipu* = p. Then p := up'u* works. □ 

Proof of Proposition \4-22\ Choose < A < 1. By Lemma |4.23[ there is a 
projection p G such that ^{p) = A. Put ip := jP'P- By Lemma 14.181 
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(2), there is a partial isometry v € M such that v*v = swpp(tp) = 1, vv* = 
swpp{ijj) = p, and ■0 = vipv* . We see that 



= jPfiv-) = jf{v ■ p) = jifipv-) 

1 

Therefore by |Tak3j . Lemma 1.6, o-f{v) — A**w holds for all t £ R, which is 
equivalent to A € ap{A^). Since A € (0, 1) is arbitrary, has uncountably 
many eigenvalues. This shows that L'^{M, ip) is not separable, whence M» is not 
separable. □ 

Proposition 4.24. Let M be a a -finite factor not isomorphic to C with strictly 
homogeneous state space. Then for any ip g S'nf(A/), AI^ is a factor of type IIi. 

Proof. It is clear that AI^p is a finite von Neumann algebra. If M^p were not 
a factor, choose a projection p G Z{M^) \ {0,1}. We may assume that < 
s :— (p{p) < ^. Then ipip^) = 1 — s > s — 'p{p). Since M is of type III, 
(1 ~p)M{\ — p) = M. Hence by Lemma [4.231 applied to ■i^'p\M^^_j,y there is 
a projection q € such that 9 < 1 — p and ip{q) = s. Since ^p(p and ^q(p are 
normal states on M with support p and q, respectively. By Lemma 14.181 there 
is a partial isometry v € M such that v*v = p, vv* = q and v{pip)v* ~ qip. Since 
p, g e Mp , we have 

ipv = ip{v-) = ip{qv-) = ip{v ■ q) 

= qipv = {vpfv*)v = vpipp = vpcp 
= V(p, 

whence v G M^. This shows that p ^ q in M^. However, as q < I— p, we know 
that ZM^iq) -L zm^{p)- Therefore p ^ q in cannot be the case. This shows 
that Mu, is a factor. Then by Lemma r4.23l is a IIi factor. □ 



4.3 Ultrapower of a Normal Faithful Semifinite Weight 

Let yVnis{M) be the set of all normal faithful semifinite weights on a cr- finite 
von Neumann algebra M, and let E : 9 (a;„)" w-lim„_>.t^ Xn & M he the 
canonical normal faithful conditional expectation. 

Definition 4.25. We define ip'^ e Wnfe(M") by 

Since both ip and E are normal and faithful, and since (p is semifinite, t/s" € 
Wnfs(-W^) holds. Note that this definition is in agreement with the definition 
of the ultrapower state when p G Sn[{M). We then have a following partial 
generalization of Theorem 14.11 

Lemma 4.26. Let AI be a a -finite von Neumann algebra, and let p e yVnts(A/). 
Then we have 
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Proof. Let i]j e S'nf(M), and let ut := (Di^'^ : Di/'")t, {t € M). Since cp" = LpoE 
and = -0 o E, by Theorem HTTl we have for x = (xn)" G Af"^ and i G M that 

((x„r) = ^.ar((x„r)< 

= ((D^:DV')taf(x„)(D^:D^):r 

This proves the lemma. □ 

Recall that a normal faithful semifinite weight (p on a von Neumann algebra 
M is called lacunary if 1 is isolated in a{Aip). The next result will be important 
for the analysis of the Ocneanu ultraproduct of type IIIq factors. 

Proposition 4.27. Let M he a a-finite von Neumann algebra, and let G 
Wnfs(A/) be lacunary. Then {M'^)^u, ^ (Af^)" holds. 

Proof. We first prove that (Af^)"^ C (Af"),^t^. Since (p is lacunary, it is strictly 
semifinite [HS2| and therefore there exists a normal faithful (/^-preserving con- 
ditional expectation E : M ^ M^p. Therefore wc may regard {M^p)'^ C Af". 
Let X = {xnT G {M^Y. Then by Lemma 14:261 we have af{x) = (af{xn)Y = 
X (t G R), whence x G (A/")^^. holds. 

Let < A < 1 be such that cr(A;p) n (A, A^^) = {1}. 

Step 1. We next prove [M'^)^^ C (Af^)" for the case where tf{l) < oo. 
Let X = (a:„)" e (Af")^^ with \\x^p<^\\ = 1. Then by Corollary l48l f 2). we have 

A^u^xS,^^ = X^u,^ ^ lim \\Ai},Xn£,^ - Xn^J\ = 0. 

Let p := l{]^i.(A^) be the spectral projection of corresponding to the eigen- 
value 1. Then by assumption, we have 

1 i ^ j_ 

> min(l - A5,A"^ - l)lb^a;n^vll 
= (1-A^)|b^x„e^||. 

Therefore we have 

lim \\x„i^ - pXn^J\ = 0. 
Let / G be such that supp(/) C (log A, -log A) and J^f{t)dt = 1. Let 

Un ■= cTf (a;„) = / f{t)(Tf{xn)dt, n>l. 
Jr 

Since 

cr'fixn)^^ = /(log Ay)a;„^<^, 

we have Sp^,f,{yn) C Sp^^{xn) H (logA, — logA) = {0} and yn G M^p. It is clear 
that sup„>i \\yn\\ < ||/||isup„>i ||x„|| < oo. We have 

pxn^v ^ /(log A^)x„Cv = yn^v" n>l. 
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This implies that ||x„^,^ — yn^(^|| — > (n — > uj). Since A^pu>x*^ipu> = a;*^(^^ also 
holds, we have also — j/i'j'Cvll 0- Since is a finite von Neumann 

algebra, (?/„)« defines an element in {M^)'^ , and x = {vnY holds. Therefore 

Step 2. Finally, we prove {M'^)^poj C (Afi^)" for a general lacunary ip £ 
H'nfs(Af). Take A > as in Step 1. Since the restriction of (p to is a 
semifinite trace, there exists an increasing net {pi}i^i of projections in 
such that {pi}i^i converges strongly to 1, and p{pi) < oo for all i £ I. Let 
X € (M'^)y-. Fix arbitrary i e I. Identifying PiM'^pi with (piMpiY ( |MaToj . 
Proposition 2.10), we may regard pixpi G (piMpi)'^ . Furthermore, as pi S M^^ 
and (fi'^ipi) = fipi) < oo, the restriction i^^. of ip'^ to {piAlpi)'^ is a normal 
faithful positive linear functional, and piAl"pi n (A/");pt^ = {{Pi^'IPi)")ip^ ■ It 
also holds that (ys^ is the ultrapowcr of Lpp^. Since Aj^^, = Aip\p^j^p^j^L'^[M.ip)i 
we have CT(Ay^.) n (A, A^^) C cr(A^) n (A, A~^) = {1}, and hence ^pp. is lacu- 
nary onpiMpi. Therefore by Step 1, we have {{piMpiY)^^ = {{piMpi)^^,)" 

holds. Therefore piXpi G {{Pi^ipi)ipp-Y C {M^Y . Since i G / is arbitrary, and 
PiXpi X strongly, we have that a; G {M^Y . Therefore (M"),^^ C {M^Y . □ 

Remark 4.28. If (f is not lacunary, then (Af^)" can be a proper subalgcbra 
of (Af")^i^. In fact, let be a normal faithful state on Araki- Woods type IIIi 
factor Roo with {Roo)ip = C. Existence of such (p was shown by Herman and 
Takesaki [HerTak] . By Theorem l4.20[ i?^ has strictly homogeneous state space. 
By Proposition l4.24l {R'^)ip-^ is a type IIi factor. Therefore 

4.4 The Golodets State ip^ and Tensorial Absorption of 
Powers Factors 

In this section, we reinterpret the main result of Golodets' work ( jGollj . Theo- 
rem 2.5.2) on the asymptotic algebra from our viewpoint. Following notations 
in N3.51 let M be a factor with separable predual, and consider the asymptotic 
algebra C%j induced hy (p G Snf{M). ip naturally induces a normal faithful state 
= ^1^? on ^ = e(^7rGoi(^°°)"ew, hence a normal faithful state (p = 'filc'^j- The 
main results of Golodets' work in |Goll| were 

(1) to generalize the central sequence algebra M'DM'^ for type III factors and 
give a characterization of Araki's Property L'^ (0 < A < 1) : A/ = AI^Rx 
( jAra2| ) if and only if A is the eigenvalue of A^. 

(2) to show that the ccntralizcr {C'^f)ip plays the similar role as Connes's M^^, 
namely M is McDuff if and only if (C'^i)^ is noncommutative. 

Regarding (2), Golodets and Nessonov ( |GoNe| . Lemma 1.1) later showed that 
(C^)<p is indeed isomorphic to M^^ for a factor M with separable predual. 

We show that these results can be naturally interpreted by the Ocneanu's 
setting. Wc start from the following observation: 

Proposition 4.29. Let M be a a-finite von Neumann algebra, and let p,ip 
Sni{M) such thatp\z{M) = '^\z(m)- Then = ipcu, where puj := p'^Im'hM'- ,i'cj 
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■0'^|j\,/'nA/" • In particular, if M is a a -finite factor, then ip^ does not depend on 
^. 

Remark 4.30. Wc thank Yoshimichi Ueda for the discussion which improved 
Proposition 14. 291 to the current form. 

Proof of Proposition \4.29\ Recah that M'^ 9 {xnY ^ wot-Um„^„a;„ € M 
defines a normal faithful conditional expectation E. It is easy to see that 
E{{xnY) € Z{M) if [xnY G M' n M'^. Since (p'^ ^ ip o E, ^ ij; o E, 
and since and ij) agree on Z{M), we have 

ip^ =(po EIm'dm- = V' o E\M'nM- = ipoj- 

□ 

Definition 4.31. Let M be a a-finite von Neumann algebra, and let (p € 
Snf{M). We call ip^ = ^p'^Im'iiM'^ the Golodets state associated with (p. 

Next theorem corresponds to Golodets' work (1) mentioned above. 

Theorem 4.32 (Golodets). Let M he a a-finite factor of type III. Then M = 
M®R\ holds if and only if X (z ap{A^^) for some (hence any) tp e Snf{M). 

To prove the theorem we use the following characterization of the condition 
M = M®Rx. 

Lemma 4.33 ( [TakBookj . Theorem XVIII.4.1). Let < A < 1 and let M he a 

a-finite factor of type III. The following conditions are equivalent. 

(1) M'^M^Rx. 

(2) For any n G N, e > and (pi, ■■ ■ ,ipn € S'nf(Af), there exists nonzero 
X e M such that 

n 

\\{Al - X^)x^^^f < eY,^,ix*x). 

Proof of Theorem \4 -SSI (1) Assume A G ap{A^^), and suppose e > 0, n e N 
and (pi, ■ ■ ■ ipn ^ S'nf(M) are given. Define ip := ^27=1 fi ^ ■ By assumption, 
there exists y G M' n M" with ||y||^ = 1 satisfying 

Take a representative (y„)„ of y. By Proposition 14.291 Lpj^ = ipuj{= (p^) holds 
for J = 1,2,. •• ,n. Note that since \\[af {x) , y]\\l = \\[x, a'^MH {x,y £ M), 

M' n is af -invariant thanks to Theorem 14.11 Therefore we have erf ^ " = 

Im'hM'^ (t G M, 1 < j < n). This implies that 

Al^y^^^ ^X^yi^^, {l<j<n.) 

This means that (Corollary (2)) 

1 1 
lim \\A^^yk£.v^ - X^yui^^W = 0> (1 < J < n). 
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Choose fc G N such that the foUowing inequahties hold: 

W^iMv, - \hkCv,\\ < e{l -e), (1 < J < n) 
\\\yk\\l~l\<e. 

It follows that for each 1 < j < n and for x — y^^ we have 

1 

1=1 

By Lemma [4.331 we have M = M®R\. 

Conversely, assume M = M®Rx holds. Fix '4) € Sni{M) and put N := M®Rx. 
Let (/3a = ®NTr(/OA • ) and let x„ := 7r~-^(l (g) m„) G M, where 



1 




1 • • • e i?A, ne 



and TT : M ^ N is a *-isomorphism. Then it holds that (x„)„ G M'^{M). 
In fact, it is clear that ||a;„|| = 1, »t. > 1 and hence (x„)„ G £°°(N,M) Let 
: Af (8)i?A —J' R\ be a left-slice map given as the extension of the map L° 
defined on the algebraic tensor product M Q R\ by 

i° (^"-^ ® ;= ^ V(a»)6j, a, G M, 6, G i?A. 

is a normal conditional expectation (see [Bra], IIL2.2.6). Let (6„)„ G I^{N). 
Using u„(pA ~ ^ ^^fxUn, we have 

[[^"""(Xn)!!^^^^ = '0 (g) V?a((1 «) M*)6*6„(l «) Un)) V'a(-^^((1 06*6„(l ® Un))) 

< A-^||i^(&;&„)||^J|||w„<||y^ 

< A~^|(^A(-^V'((^ri^")^))l^ is a conditional expectation), 
and since [b*J)n)'^=i & ^ij{N), we have 

^xiL^Wnbnf)) = ^ ® </'a((6:?>„)') = WMl^^, 
"4"0. 

Therefore (5„7r(a:„))J^i G Cuj{N). Since (5„7r(x„))^i G /3* (TV) automatically, 
we have (6n7r(a:„))^]^ G Iui{N) Similarly, we have (7r(a;„)6„)„ G C^^N) and 
thus {Tr{xn)bn)n € X^{N), which shows that (7r(a;„))„ G A^"(Af), and hence 
{xn)n e A<"(M). It is then easy to show that (a;„)'^ G M' D A/". It also holds 
that erf ^"^^ (7r(.T„)) = X^*Tr{xn) for each t G M, where tp\ is the Powers state 
and '0 is a normal faithful state on M. Therefore (p := (tp (E) (p\) o tt G ^nf (Af) 
satisfies crf"((x„)'^) = A**(x„)". Therefore A G <7p{A^J holds. 

□ 

Next, regarding Golodets' and Golodets-Nessonov's work (2) above, we prove 
that {Cfj)^^ is nothing but when we identify with M' n Af" (cf. 



Theorem 13. 30p . Note that we do not need the factoriality of M or the separa- 
bility of the predual. This result will play a crucial role in answering Ueda's 
question in fJSJ 
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Proposition 4.34. Let M be a a-finite von Neumann algebra. Let (p G Sn[{M). 
Then the centralizer of the Golodets state tpuj is . 

Lemma 4.35. Let (M„,iy9„)„ be a sequence of pairs of a -finite von Neumann 
algebras and normal faithful states. Let {xn)m{yn)n € A^"(-^^Tt, </'n)- Then we 
have 

\\{xnY{VnT - [VnYiVnTW = Um ||a;„(p„ - (p„?/„|| 

In particular, (a;„)" € iiMn,ipn)'^)<p'-' holds if and only i/ lim„_>ij | |a;„(^„ — 
Vri-'Z^Til I = holds. 



Proof. We use abbreviated notations as , Ai^ , as in WA.'iX Put Ci := 

\\{xnT{^pnY - {^nTiVnYW and C2 := lini„^^ \\x„tpn - ^nVnW- Let e > 0, and 
choose a G Ball((M„, sucli tliat 

I (a, {x^n^nT - {vnr{ynr)\ >c,-e. 

Since (M„, is a quotient of Al", we may find (a„)„ G Al" with a = (a„)'^, 
such that ||(a„)„|| sup„>;^ ||a„|| < f. 
Therefore we have 

Ci - e < lim |(a„,a;„(p„ - V3„2/„)| < lim \\xn<Pn - 'PnUiiW- 

n^Lj n— 

Since e > is arbitrary, we have Ci < C2. 

To prove C2 < Ci, let a„ G BaU(A/„) {n G N) be such that 

\{an, Xnfn " ^PnUn)] > WXnfn " Vn2/«|| - -■ (15) 

n 

By Proposition 13.171 there exists G (c„)„ G and {dn)n G £* 

such that a„ = fe„ + c„ + c?„(n G N) and IKfon)"^ || < hm„_j.„ Iknll ^ 1- It follows 
that 

+ {xn£.v„,dn£.vJ - {iv^,dlyli^^). (16) 

Since (c„)„ G and ((i„)„ G >C^, the third and the fourth term in the right 
hand side of Eq. ([T5| will vanish as n — > cj. Also, as (a;„)„ G A^", Corollary 
13.111 fl) implies that {cnXn)n € ^C^j and {d'^y!^)n G >C(.>j, whence the second and 
the fifth term will vanish as n — > w. Therefore we have 

lim |(a„,2;„(^„ - (^„y„)| = lim |(6„, x„(/7„ - (^„?/„) |. (17) 

Then by Eqs. and ^7^, we have 

lim \\x„ipn - </3„y„|| < lim |(5„,X„</J,i - <i5„yn)|- 

^{{b,,r,{x^n^nr -i^nriy^r) 

<||(x„)"(<^„)"-((^„)-(y„)"||, 
whence C2 < Ci. This finishes the proof. □ 
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Proof of Proposition For C {M' n M")^„, let (x„)" S Then for 

{VnY e iW^, we have 

|<^(yna;„ - x„y„)| = | [a;„, (p](y„)| < ||j/„|| • ||[a;„,<^]|| 



Hence (a;„)" e (M")^.. n (Af n A/") C (Af n Af")<^^ holds. 
For A^„ D (Af'nA^'")^„, let {xnT € (A//'nA//")^^ . Since af- = U/'nA/- (i € 
R) (see the proof of Theorem , we have af {{xnY) = {x^Y {t E K). 
Therefore by By Lemma [4.351 we have 

Then by jTakBook] . Lemma XIV.3.4 (ii), (a;„)'^ g Af„ holds. □ 

Remark 4.36. The equivalence (x„)"iy9" = lim„_j.^ ||a;„<p— (/3a;„|| = 

can be seen using CoroUarv 14.81 (2) and |Haa3j . Lemma 2.8 (a) instead. 



5 Ueda's Question: = C M' H = C 

Let Af be a cr-finite von Neumann algebra. Recall the definition of M^i in- 
troduced by Connes |Con3| . which is a generalization of the central sequence 
algebra M' n Af " for the case of IIi factor. 

Definition 5.1. The asymptotic centralizer of M is defined as the quotient 
C* algebra 7W<^(N, A/)/I^(N, M), where 

MW^,M) |(x„)„ G e°°{N,M); lim ||x„^ - Vx„|| = 0, VV' G A/J . 

Aftj is a finite von Neumann algebra for any M. 

It is known that if M is cr-finite, and if (x„)'^ G A/'nA/" satisfies lim„^.„ | \xn<f— 
fXnW = for one (p G S'nf(Af), then (a;„)" G A/^ (see Lemma XIV.3.4 (ii) of 
[TakBook] ) . Therefore the existence of a normal faithful tracial state shows that 
M' n A/" = for a finite von Neumann algebra. The same is true for type IIqo 
factors. However, for type III factors, it is often the case that AI^ C M' n Af". 

Example 5.2. The following example has been known to experts. We add it for 
the reader's convenience. Let {Rxt^p) = ^^^^{M2{C),Ti{p\-)) be the Powers 
factor of type IIIa(0 < A < 1), where px = diag(Y^, j^ )- Let 

M„:=l®"®(^[j ® I®--- G i?A, n>l. 

Then {un)n G M"{Rx) and (un)" G i?^ n i?^. On the other hand, we have 

ipUn = Xunip, n G N. 

Therefore — fUnW = (1 — A) 7^ (?i G N), and hence (m„)" ^ {Rx)uj- 

Moreover, i?^ n i?^ is a type HIa factor. To see this, by [Tak4| . Proposition 1, 
{R\)ui is a type lli factor. Therefore by Proposition 14.341 below, the centralizer 
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of the Golodets state ipi^ = 'P"li?.^n(i?.A)'^ ^ factor, whence by Coronary 14.81 
(3), we have 

rK-) = SpK-) = logKA^j \ {0}) 

C log(a(A^.) \ {0}) = logHA^) \ {0}) 
= (logA)Z. 

On the other hand, we have (logA)Z C Sp((T'^'^). Therefore as r(cr'^-) = 
\og{S{R'^ n Rf) \ {0}), we have 

S{R')^ n i?^) = {A"; n e Z} U {0}. 

This proves that i?^ n R'^ is a type III a factor. 

In spite of the above example, in [Uedal] . § 5.2, Ueda asked whether = C 
imphes M' n M'^ = C. We prove that the answer to his question is affirmative 
when M has separable predual. 

Theorem 5.3. Let M he a von Neumann algebra with a separable predual for 
which = C holds. Then M' n M'^ = C holds. 

The following Lemma is well-known. 

Lemma 5.4. Let M be a von Neumann algebra, ip be a normal faithful state 
on M with = C. Then M is either C or a factor of type IIIi. 

Proof. Let H he a. Hilbert space on which M acts. Since Z{M) C = C, 
M is a factor. Suppose M is semifinite with a normal faithful semifinite trace 
T. Then there exists a positive self-adjoint operator h S L^{M, t) with t(/i) = 1 
such that ip = T{h-) holds. It is well known that this implies crf{x) = 
for every x G M and t € R. Let A be the abelian von Neumann algebra 
generated by all spectral projections of h. Then for x G M, x G holds if and 
only if X commutes with ft,'* for all t S R, which is equivalent to the condition 
X e A', hence = A' D M = C. Since A C A' n M = C, h must be a muhiple 
of 1 and r is a tracial state. This implies that ip = t, and 

^ Mr = AI ^C. 

Suppose next that M is of type IIIa (A 7^ 1). Then by Theoreme 4.2.1 (0 < A < 1 
case) and Theoreme 5.2.1 (A = case) of Connes |Conlj . there exists a maximal 
abelian subalgebra A of which is maximal abelian in M. This in particular 
means that cannot be C. This finishes the proof. □ 

We are now ready to prove Theorem 15.31 

Proof of Theorem[5M Put iV M' AI'^ . Take an arbitrary (p € Sni{M). 
Since Z(M) C M„ = C, M is a factor. By Proposition l4.29[ the Golodets state 
^uj ■= V^\n & Sni{N) does not depend on the choice of (p. By Proposition 14.341 
N^^ = C. Then by Lemma [5^ N is either C or a factor of type llli. Suppose 
is a type IIIi factor and we shall get a contradiction. Fix < A < 1. Since 
N is of type III, there exists an automorphism a : N ^ N (E) M2(C). Define 
V' e Sr^fiN) by 

4' ■= ['Plj ® Tr(pA-)] ° 



46 



where p\ := diag(Y^, TTa)" e > be given. By Connes-St0riner transitiv- 
ity |CSj (note that the transitivity holds without any assumption on the predual 
thanks to |HSlj ). there exists u G U{N) such that 

\\ip^~uipu'\\<e. (18) 
Define a 2 x 2 matrix unit in N by 

fij u*q;"^(1 ® ei,j)u, 1 < ij < 2, 
where {eij}f is the standard matrix unit in A/2(C). For x G N, write 
a{x) ~ i "^^^ ) , where Xij G N. By a straightforward computation, we 



2^21 X22 



have 



[ipa ^(1 (g)ei2)] (x) = ^(a ^(l(8)ei2)x) 



A 



2^21 2:22 





2:21 



1 + A 

^0 xii 



[a-^{l «) 612)^-] (x) = [ipu, ® Tr(pA-)] 
Doing similar computations, we have the following equalities 



i;a-\l(E)e^^) ^ a-\l(g}e^^)iJ, (i = l,2) (19) 

i/'a"^(l(»ei2) = Aa"i(l®ei2)V', (20) 

i/'a-\l®e2i) = A"V"^(l®e2i)V'- (21) 
Using Eq. (HH) and Eqs. ([TD)-(11T1), it follows that 

||<Pcj/i2 - A/i2V3^|| = \\(pujU*a~^{l (g) ei2)u - Au*q;"^(1 ® ei2)uipi^\\ 
= \\uipujU*a^^{l (g) 612) - Aa~^(l (g) ei2)u^wU*|| 

< ||(u<^„u* - V)a"^(l «) 612)11 + ||Aa"^(l (8)ei2)(V' - u>f^u*) 

< (1 + A)e. 

Doing similar computations, wc obtain 

fu^u.\\<2e, (* = 1,2) (22) 

||'^^/i2-A/i2vj..|| < (1 + A)£, (23) 
||<^-/2i - A-V2i<^^|| < (1 + A-i)£. (24) 

Let {a„}^i be a II • Hj^-dense sequence of the unit ball of M. 

Claim 1. For each ?i G N there exists /■^"■' G M ~ 1,2) satisfying the 
following conditions: 

(i) ||/i"'||<l (*,J = 1,2). 
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(ii) llv'/ir^-itVll<i (^ = 1,2). 

(iii) ii^/!2^-A/(^Vii<i. 

(iv) iiv'/ir^-A-virVii<i. 

(v) \\{f^^r~f^t<i (^,J = 1,2). 

(vi) ||4"'a„, - a„,4")||^ < i (1 < m < n, = 1,2). 

(vii) \\f^ffja^-S,kflP^\\l<i {i,J,k,l = l,2) 

(viii) ii/}r^+/i2'-iii^<^- 

By Eqs (I22|)-(l24]), there exists a matrix unit G M' n satisfying the 

fohowing conditions. 

W'fujfit- fii^uj\\< (« = 1,2) 

\\Vujh2 ~ A/i2(^<^|| < 
||</j<.j/21 - A"\/2l(^t^|| < 

Since M' fl M"^ is erf -invariant, by Takesaki's Theorem jTak2| . there exists a 
normal faithful conditional expectation E : M" — )• M' n Af^ with ip^ = Cp^o E. 
Since /^j e M' n Af^, we have = . Therefore for every a e Af", we 

have 

!ii - ftiV'^){a) = 'p'^ifiia - afu) = 'Pu> ° E{fua - afu) 

and hence \ fu~ fti^^^W < \\'fuifii~fii'Pu:\\- Since W'p'^ fu- fzi'p'^W > W^fu^fii- 
fii'pLjW, we have 

Similarly, we have 

2n 

||^'*^/21-A-V21^"|| < 

Choose {f^f)k e A^"^ 1,2) such that /,j = (/i,''^)". They can be chosen 

to satisfy < 1. By the definition of fij and the matrix unit property, 

together with Lemma l4.35l we have 



(ii)* limll^/f -/ifVll<;^(* = l,2). 



(iii)* \m,J^f[^^-Xf[',^^\\<^. 



48 



v) * ^lim||(/(;=V-/ifll^ = 0(^,J = l,2). 

vi) * lim ll/^'^a™ - a„4"^||^ = (?7i > = 1,2). 

vii) * lim ||/,^'//„'' - S,if^!:i\\l = J' = 1' 2). 

viii) * lim||/(J'+/(^^)-l||^==0. 

fc— >LJ ^ 

For fixed n, there are only finitely many conditions. Therefore there exists 
k = k{n) e N such that //^'^^"^^ satisfies all the conditions (i)-(viii) in the claim. 

Claim 2. If {f\j^)1 G M satisfies conditions (i)-(viii) in Claim 1 for all 
n>l, then (/^"^)„ G holds for i,j = 1, 2. 

By (i), {f^f)n e ^°"(N,M) holds. Let (6„)5f^i e with sup„>i||6„|| < 1. 
Then (fi^^bn) G C^j holds automatically. On the other hand we have 

< \\bnbUflfr\\Mf^fr - /Ir^ii. + m^f - c(z,,)4"V)(&.&:4r^)i 



I ji 

+c{t,j)\^{b^b:j-f^f)\ 



where 



c{i,j):=lx (z = l,j = 2) 
[a-1 (i = 2,j = l). 

This shows that {flfbn)n e £* , and hence (/^''fe„) G I" = Cu,nCt,. Similarly, 
we have (&„/y"^)„ G X". This proves that {f^f)n e Al'^ for i, j = 1, 2. 

Therefore by Claim 1 and Claim 2, we see that igij)f_j^i, where gtj := (/f"')" is 
a well-defined matrix unit in M' H iW^, and using conditions (i)-(viii) in Claim 
1, we have 

gii'^ui = 'Pujgu, {i = 1, 2) 

<^Logi2 = Xgi2^uj, 
^ug2i = X^^g2i'fuj- 

In particular, ga € A'^^^ (i ~ 1, 2) holds and A is in the point spectrum of A^^. 
Then we have 

<Pc,;(.9ll) = ^u:{gi2g2l) = (ff21</5tu ) (ffl2 ) 

= H^u:g2l){gi2) = A(/3c^(52lffl2) 
= AV3„(522), 



49 



and hence (puj{gii) = which is neither nor 1. Therefore G N^p^ is a 
nontrivial projection. This imphes dimlNtp^) > 2, a contradiction. Hence N 
must be C. □ 

Finahy, wc remark that there is no difference between M^^ and M' D M'^ 
when M is of type IIIq. 

Proposition 5.5. If M is a a-finite type IIIq factor, then M' n M'^ is a finite 
von Neumann algebra and M' n A/" = holds. 

Proof. Let tp g S'nf(M). By Proposition 14.291 the Golodets state ip^ = 
V^\M'r\M^ docs not depend on ip. Hence by Coroharv 14.81 f3). we have 

■!/jes„f(A/) 'i/jes„f(J\/) 
= fl a(A^) = 5(M) = {0,l}, 

iAGS„f(A/) 

whence (t(A^^) — {1} because ^ crp(A0^). This shows that (p^ is a normal 
faithful trace on M' n M'^ . Since M^^ is the ccntralizcr of tp^) by Proposition 
14341 we sec that M' n Af" Af^ holds. □ 

6 Factoriality and Type of Ultraproducts 

In this section, wc study the factoriality and Murray- von Neumann-Conncs type 
of the ultraproduct of factors. 

6.1 Ultraproduct of Semifinite Factors 

The answers to factoriality/type questions for the Ocneanu ultrapower A/" of 
a semifinite factor M has been known. In fact, it has been known to experts 
that for a von Neumann algebra M with separable predual, (Af®B(iJ))" = 
Af"®l(7J) and (A/®B(i?))^ M^®<C holds, where H is a. separable Hilbert 
space. The proof can be found e.g., in jMaTo] . Lemma 2.8. On the other hand, 
it is well-known that Af" is a type Hi factor if so is AT. This shows the following 
folklore result: 

Theorem 6.1. Let M be a semifinite factor with separable predual. Then M'^ 
is a factor. If M is of type I„ (ri S N U {oo}), Hi or Hoc, so is Af". 

On the other hand, the situation for the factoriality of the Groh-Raynaud 
ultraproduct is very different. Based on the local reflexivity principle for Banach 
spaces and the fact that B(7J)** is not semifinite, Raynaud |Ray| showed that 

M{H) is not semifinite (for a free ultrafilter U on a. suitable index set / and 
infinite-dimensional H). We prove that R is not semifinite. For a fixed A e 
(0,1), put px = diag(^,^) € M2(C)+, and let = {g)„(A/2(C), Tr(pA •)) 
be the Powers factor of type IIIa- Define (pn G Snf{R) by 

n oo 

(^n :-(g)Tr(pA-)® (8) 2^'"' " " 

k=l k=n+l 
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Proposition 6.2. There exists a normal injective *-homomorphism tt : R\ — > 
(i?, <Pn)'^ whose range is a normal faithful conditional expectation e : (i?, (fn)'^ ^ 

This shows that 
Proposition 6.3. (i?, iy9„)" is not semifinite. 

Proof. By Proposition [521 the type IIIa factor tt{R\) is the range of a normal 
faithful conditional expectation from {R,(pn)^, hence jTomj . Theorem 3 shows 
that {R,(pn)'^ is not semifinite. □ 

Therefore, we have 
Theorem 6.4. R is not semifinite, and not a factor. 

Proof. By Corollarv l3.16[ the first claim is a corollary to Proposition [531 Also 
by Corollarv l3.16[ the type IIi factor i?" is a corner of R. Therefore R 
has a nontrivial center. □ 

Now we proceed to prove Proposition [^21 

Proof of Proposition\KE Put := (g)™^^ M2(C) «) C (g) C ® • • • considered 
as a subalgebra of Rx, and let A,„ be the same algebra now considered as a 
subalgebra of R. Moreover, put 

oo oo 

A:= [j A^C Rx, A:= [j A^ c R. 

m— 1 m—1 

For X € A, let x denote the corresponding element in A. Define now a *- 
monomorphism ttq : A £°°(N, R) by tto{x) = (a;)„, x £ A (constant sequence). 
Note that for x G A,,,, {m G N fixed), we have 

(finix) = (px{x), crf"(x) = o-f^(x), n>m. 
Since a{ATr{p^.)) = cr{p\) ■ (^iPx^) = {A, 1, A~^}, we have 

a(^0AT..(p,.)^ ={A™,A"-\... ,A-™}. 

Therefore it holds that 

A„i C i?(cr'^", [m log A, -m log A]) 

for all n > m. Thus by Lemma WA^ no{Am) C A^'^(i?, (p„) holds for aU 
TO e N and hence also 7ro(A) C M"{R,ipn) holds. Let tti : A ^ := 
(RjCPn)'^ be ttq composed with the quotient map from M'^{R,Lpn) onto M'^ = 
M'^{R,<fn)/^uj{R,'Pn)- Then it is elementary to check that 

(^"(7ri(x)) = (pA(a;), X e A, 

where (p'^ :— {(fin)'^ ■ Using Theorem 14. 1[ we also have 

af{TTi{x)) = 7ri(af^(x)), x £ A, t£R. 

Therefore tti extends to a normal *-monomorphism tt of Rx = A^°^ onto a 
von Neumann subalgebra tt{Rx) of ilf", which is invariant under af (t S M), 
whence by [Tak2| , there is a normal faithful conditional (^"-preserving expecta- 
tion of M'^ onto 7r(i?A). □ 
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6.2 Ultraproduct of Type IIIa (A ^ 0) Factors 

Let M be a ct- finite type IIIa (0 < A < 1) factor. Wc show that M, as well 
as (M, ifin)'^ , is again a type IIIa factor, and the isomorphism class of (M, (y5„)" 
does not depend on the choice of (<p„)n C S'nf(A/). To do this, we first recall 
the state space diameter of factors. Let M be a von Neumann algebra. Then an 
equivalence relation ^ on S'n(M) is defined by ~ "0 if they are approximately 
unitarily equivalent, i.e., there is a sequence of unitaries (u„)„ C IA{M) such 
that lim„_j.oo H'P ~ 1 1 ~ 0. Denote by [lp\ the equivalence class in 5n(Af) 

represented by € Sa{M). Then Sn{M)/ is a metric space by 

d(M,[0]):= inf [^],[^]e5n(Af)/^. 

Definition 6.5. The state space diameter oi M , denoted as d{M) is defined by 
d{M):= sup ^(M,^)- 

It holds that d{M) < 2, and d{M) = 2 if Af is not a factor. By the result of 
Connes-St0rmer jCS| . Connes-Haagerup-St0rmer |CHS| . and Haagerup-St0rmer 
jHSlj . the explicit form of d{M) is given as follows. 

Theorem 6.6. Let M be a factor. Then the d{M) is 

(1) 2(1 - i) if M IS of type l„, (n e N U {oo}). 

(2) 2 if M IS of type II. 

(3) 2^-^ if M is of type IIIa (0 < A < 1). 

Remark 6.7. Although the above theorem in jCSj . |CHSj were stated for the 
separable predual case, the conclusion holds in full generality thanks to Martin- 
gale arguments given in |HS1) . 

Let {Mn,Hn)n be a sequence of standard von Neumann algebras, and de- 
fine the Groh- Raynaud ultraproduct N ~ YV ^^n- We will show the diameter 
formula d{N) = Hm„_j^ d(A/„). 

Lemma 6.8. Let (v3„)„, (■0ri)ji e IlneN^n{M„) and let ip = {ipn )uj and -ip = 
ifpn)i^ be the corresponding normal states on N (cf. Theorem \3.25]) . Then 

Remark 6.9. The above limit clearly exists since the distances are bounded 
by 2. 

Proof. For each n G N, choose a unitary ?i„ e A/„ such that 

\\(pn - UnlpnKW < d([<^„], [?/>„]) -|- -, 

n 

then with u := {un)u: (z N wc have 

\\ip - U1pU*\\ = lim \\ipn - UnTp„U*J\ < lim d{[ipn], [ipn])- 
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Hence d{\if], [tp]) < lini„^c^ d{[(p„], [?/'„]). 

For the converse inequality, we use that the unitary group of '!Tuj{{Mn)uj) is 
strongly*-dense in the unitary group of N by Kaplansky density Theorem (cf. 
Definition 13. 5p . Hence given e > 0, we may choose a unitary u„ G Mn for each 
n S N, such that with u := {un)uj, we have 

\\ip-uiju*\\<di[cp],m+e. 

But then 

hm d{[ipn], [ipn]) < hm \\ipn - u„-0„u* II = \\ip~ u'ipu*\\ < d{[ip]], [ijj]) +e. 

Since e > was arbitrary, wc obtain (i([iy9], [ip]) > Imin^^ d{[ipn], [ipn])- CH 
Lemma 6.10. With the above notations, d(N) ~ hm d{Mn). 

Proof. For aU (p,ip £ Sn{N) we may, by CoroUarv l3.26[ choose normal states 
{^n),i'ipn) e rinGN '5'n(A^ri) such that (fi = {(pn)uj and "0 = iipn)^- By Lemma 

d{[ip], [i']) = lim d([v3„], [V'n]) < lim d(M„). 

n— n—^uj 

Hence d{N) < lim„^.^ d(M„). 

Conversely, wc may for each n £N chose (y3„,^„ € 5'n(M„) such that 

d{[ipn],[^n])>d{M„)--, neN. 

n 

Let (fi := {(pn)uj and := {ipn)ui- By Lemma [6781 we get (taking the limit of the 
inequalities above): d{[Lp], > lim„^^ (i(M„). Hence d{N) > lim„^^d(M„). 

□ 

Theorem 6.11. Let M be a a-finite factor of typelllx{\ 0) . ThenYl'^ M is a 
type lllx factor. Moreover, for any sequence (ipn)n C Sni{M), (M,ipn)^ = M" 
is also a factor of type HI^ . 

Proof. Let p := supp((y9;^), where ipu: = {,^n)u & Then by Proposition 

13.151 we have 

{M,^^r=pNp, N:=Y[M. 
By Theorem 16. 6[ the state space diameter of N is 

d{N) ^ lim d{M) = 2^— ^. 

Tl->w 1 + A3 

Hence TV is a type HI^ factor, so is its corner pNp. Since all cr-finitc projections 
in a type HI factor are equivalent, all {M, (/3„)"s are mutually isomorphic. □ 

Remark 6.12. Let M be a cr-finite factor of type HIa (0 < A < 1). Then the 
factoriality of A/" can be shown using Theorem 14. II 
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Proof of Remark WM Let x G Zi^M'^). Let S 5'nf(M) be such that cr^ = id, 
where T ~ — 27r/logA. By Proposition 14 . 2 7[ we have 

Then by Takesaki's Theorem for periodic state |Tak3j . is a type IIi factor 
and cr(A^) = {A"; n £ Z} U {0}, whence {M^p)'^ is also a type IIi factor by a 
standard argument. This shows that 

X e [M^Y n (M"^)' C Z((A/^)") = C. 

Therefore Af" is a factor, and since (Af")^.^ is a factor, we have (cf. Corollary 

US (3)) 

5(M") = a(A^.) = (7(A^) = {A"; n e Z} U {0}. 
This shows that AT" is a type IIIa factor. □ 

6.3 Ultraproduct of Type IIIq Factors 

As we have seen, in the case of type IIIa (A ^ 0) factor, the Ocneanu ultra- 
product (Af, does not depend on the choice of ((/9„)„. In this section we 
see that the situation is different for the case of type IIIp factors. Moreover, we 
will show that Af" is not a factor. 

Theorem 6.13. Let M he a a-finite type IIIq factor. Then there exists a se- 
quence {<^n}^i of normal faithful states on M such that (Af, </9„)'^ is isomorphic 
to the finite von Neumann algebra (M^^,t„)'^ where Tn '■— ^n\M^^ ■ 

We need lemmata. 

Lemma 6.14 f |Con2| . Lemme 2.3.4). Let a be a continuous action of a locally 
compact abelian group G on a factor M . Denote by G the Pontrjagin dual of 
G. Then the family T of subsets of G of the form {Sp(a'^) + K}, where e is a 
non-zero projection in M" and K is a compact neighborhood of in G, forms 
a directed set with intersection r(a). 

Lemma 6.15 ( |Con2| . Lemme 5.2.3). Let a be a continuous action o/R on a 
factor M , and assume there is c > such that 

Sp(cr) n {[-2c, -c] U [c, 2c]} 0, 

where we identify K = M. Then there exists h e A/"', — c/2 < h < c/2 such that 
the action a' of R defined by 

a'tix) := e~''''at{x)e'"', xeM,teR, 

satisfies Sp(a-') n (— c, c) = {0}. 

Lemma 6.16. Let M be a a-finite factor of type IIIo- Then for each n € N, 
there exists ipn S Sni{M) such that Sp(cr'''") n (— logn, logn) = {0}. 

Proof. For n £ N and e > 0, define /„ := [— 2 logn, — log7i] U [log n, 2 log n] 
and [— e,e]. Assume that there is n > 2 such that Sp(cr'^) n /„ ^ 

for every i' e S'„f(A/). Fix ^ € Snf{M). Let e e Proj(A/v,) \ {0}. Since 
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M = eMe, the assumption implies that Sp((T''''') n /„ ^ 0. Now given finitely 
many ei, • • • , cat € Proj(A/^,) \ {0} and £i, • • • , £jv > 0. By Lemma 15.141 there 
is e e Proj(My;) \ {0} and e > such that 

N 

9^ Inn {Sp{a^^) + K,} C /„ n f]{Sp{a^-^' ) + K,J. 

i=l 

Therefore by the compactness of /„ and by Lemma [6. 141 we have 

= /„ n T{<7^) = /„ n iog(S(M) \ {0}) 
= /„ n {0} - 0, 

which is a contradiction. Therefore for each n G N, there is ipn € Sni{M) such 
that Sp((T'''") n /„ = 0. Then choose hn & Af^„, — ^ logn < /i„ < ^ logn as in 
Lemma IB. 151 for ipn- Then set ipn ■= i'niKi')^ Ki ■= (f^n + \ logri + 1)^^. Then 
we have ipn e Snf(M) and Sp((T'^") n (-logn,logn) =0. □ 

Proof of Theorem \6.1SX By Lemma 16.161 for each n e N there exists (pn G 
S'nf(A/) such that Sp(cr'^") n (- logn, logn) = {0}. Let x = {xnY € [M.LpnY. 
By Proposition 14. 1 ll x can be approximated strongly by elements of the form 
(2/n)", where (y„)„ satisfies y„ S M((t'''", [—a, a]) for each n for a fixed a > 0. 
Fix one such (y„) and a > 0. Let no G N be such that a < logno. Then by 
Sp(cr'^") n (— log 71, logn) = {0}, for n > no we have 

MK", [-a,a]) C MK", [-log no, log no]) = M^„, 

whence G (A/^^,t„)". Since {xn)'^ is approximated by these elements, 

(.T„)" e (M^„,T„)'^ holds too. This finishes the proof. □ 

Remark 6.17. Together with CoroUarv 13.161 Theorem 16.131 shows that the 
Groh-Raynaud ultraproduct Y[" M of a type IIIq factor M has a finite projec- 
tion, and hence it is not a factor. Note that M docs not embed into the above 
(M,^„)". 

Next we show that the Ocneanu ultraproduct of a type IIIq factor is not a 
factor. 

Theorem 6.18. Let M he a a-finite factor of type lllo- Then Af" is not a 
factor. 

Lemma 6.19. Let A = L°°{X,n) be a diffuse abelian von Neumann algebra, 
where {X, /i) is a probability space without atoms. Let T be an ergodic transfor- 
mation on (X, /i). Let a(/)(w) f{T^^ui) be the corresponding automorphism 
of A. Then G Aut(^A^) is not ergodic. 

Remark 6.20. Schmidt showed ( |Sch| . Proposition 2.2) that if {X, n) is a stan- 
dard non-atomic probability space, there exists a measurable sets {Bn}^^i C X 
which are non-trivial asymptotically T -invariant sets. That is, it satisfies 

lim n{TBn A B„) = 0, liminf /i(B„)/i(l - B„) > 0. 
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Therefore p := (ls„)" is a non-trivial projection in {A^)"" , and Lemma [6.191 
follows. Since we could not check if his proof works for non-separable space 
{X, /i), we add a proof of Schmidt's result for non-separable space below (Lemma 

Km . 

We need a slight modification of Rokhlin's Theorem from [TakBook] . 

Lemma 6.21. Let (r2,yu) be a non-atomic probability space, T : X ^ X be 
a non-singular ergodic transformation. Then for each n G N and e > there 
exists a measurable subset E <Z X such that 

(1) E,T{E), ■ ■ ■ ,T"~^{E) are mutually disjoint. 

(2) 1^{x-U;=oT'e) <e. 

(3) KE) < i 

Proof. Let := E"=o MoT"^- Then v is absolutely continuous with respect 
to ^. Therefore given e > 0, there is (5 = 5{n, e) > such that 

H{F) < S ^ Un{F) < e 

holds. This implies that fi{T^E) < e, < j < n—1. By Rokhlin tower Theorem 
(see e.g., |TakBook] . Lemma XVIIL3.2), there exists a measurable set F C X 
such that F,TF, ■ ■ ■ ,T''-'^F arc mutually disjoint, and G := X - [fjZo T^F 
has /i(G) < (5(71, e). In particular, we have ^{T^G) < e,0 < j < n — 1. Since 
YTjZo KT'F) < 1. we may choose fc e {0, 1, • • • , ti - 1} with fi{T''F) < i. Put 
E T'^F. Then E,TE, ■ ■ ■ ,T"-'^E arc mutually disjoint, and 

n—1 / n—1 

X- [j T^E = T^\x-[j T^F j = r'^G, 

whence /i(X - UjJo E) < e, and fi{E) < i. □ 

Lemma 6.22. Let {X,fi) be a non-atomic probability space, T : X ^ X be a 
non-singular ergodic transformation. For each n >2, there exists a measurable 
set Bn C X with fi{Bn) = ^ such that ^{TBn A _B„) < ^ holds. 

Proof. Put £ — ^ and choose £' C X as in Lemma [6.2 II Since has no atoms, 
there exists a family {G{t)}t^[o^i] of measurable subsets of X with the following 
properties: 

(i) G(O) = 0,G(1) = S. 

(ii) < < < s < 1 =^ G(t) c G(s). 

(iii) niGit)) = tn{E), < t < 1. 
Put 

n-l 

B{t) := y T^G(t), 0<t<l. 

3=0 
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We see that B{0) = 0, = T^E, so that > 1 - ^ > ^. Since 

t H> fi{B{t)) = Y^^jZ^ ^J.{T^G{t)) is continuous by the choice of {G(t)}te[o,i]) 
we can find G [0,1] with iJ,{B{to)) = \- Then put B„ := B{to). Since 
i?, Ti?, • • • , T^^~^E arc disjoint, we see that 

S„ A rs„ c V'E UE <zGUE, 

Uj=o^ r^E' (the last inclusion is true modulo null sets, since 
for 1 < j < n ~ 1). Therefore we have 

^l{B„ A TB„) < m(G) + ^I{E) < -. 

n 

□ 

Proof of Lemma \6.19\ By Lemma 16.221 wc can find measurable sets _B„ C 
X {n e N) with iJ.{TBnABn) < f . Then put p := (IsJ" G By assump- 
tion, p is a a^-invariant projection in A" \ {0, 1}. Hence a'^ is not ergodic. □ 

Wc next show that for type IIIq factors, discrete decomposition is preserved 
under the Ocncanu ultrapower. 

Let M be a type IIIq factor. There is a normal faithful lacunary weight if 
on M such that is of type IIoo with diffuse center, and let r := (p\m ■ There 
is < Ao < 1 and U G M{(j^ , (— oo,log Aq]) (the spectral condition follows from 
the proof of Theoreme 5.3.1 in jConlj ) such that 9 = Ad([/)|j\/^ G Aut(M;p) is a 
centrally ergodic automorphism satisfying t o 9 < Xqt. In this setting, we have 
AI = AI^p XI g Z and ip = t (dual weight of r) under this isomorphism. We call 
this a discrete decomposition of Af . Similar decompositions are possible for type 
IIIa(0 < a < 1) factors, in which case we have to9 = At and U E M (ct'^, {log A}) 
(see EiET]). 

Proposition 6.23. Let M be a a-finite factor of type IIIq with discrete decom- 
position M = M^p Z (if is chosen as above). Then = (M^)'^ yigoj Z. 

Remark 6.24. The discrete decomposition for type IIIa(0 < A < 1) factor is 
also preserved under the Ocncanu ultraproduct. The proof is exactly the same. 

Recall that for a von Neumann algebra M and 9 e Aut(Af), p{9) is the 
greatest projection e G for which 9\m^ is an inner automorphism. 

Lemma 6.25. Let N be a von Neumann subalgebra of M , and let 6 G Aut(N) 
be such that p{9^) = for all k ^ Q. Suppose N satisfies 

(a) N'r\M d N. 

(b) There is a normal faithful conditional expectation E from AI onto N . 

(c) There is U e U{M) such that UxU* = 9{x) for all x e N. 

(d) A'l is generated by {U} U N as a von Neumann algebra. 

Then there is a *-isomorphism $ : A/ — > xig Z sending U (resp. N) to the 
canonical implementing unitary of 9 ( resp. the canonical image of N ) in the 
crossed product. 



where G X — 
niT^E n T^E) = 
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Proof. See [Conlj . Proposition 4.1.2. Note that the central ergodicity assump- 
tion for 9 in jConlj is necessary only for the factoriahty of M . □ 

Proof of Provosition 1 6. 23\ We have to verify (a)-(d) in Lcmnia [6.25l for {M^p)'^ C 
and 0" . Let U be the implementing unitary of in the discrete decompo- 
sition. Then we have U <S A/((t'^, (— oo, log Aq]) for some < Aq < 1, and 
If = T G yVnfs{M) is lacunary. Also, t o 9 < Xqt. 

Since ip is strictly semifinite, there is a normal faithful conditional expecta- 
tion E : M ^ M^. By Proposition l4?27l we have {AP^)^<. = {M^Y , so that 
the normal faithful (^"-preserving conditional expectation coincides with : 
Af" {M^Y- So (b), (c) is clearly satisfied. Regarding p{{9'^)^), note that 
r" Lp'^\(^]^i^-^L^ is a normal faithful semifinite trace satisfying r" o 6*" < Aqt". 
This implies, by the proof of |Conl] . Proposition 5.1.1, that p{{9'^)^) = for all 

Next, we show (d): Af^ is generated by {M^pY ^^d U (canonical image of U 
in Af^). Let {p' jig/ be a net of projections in such that t{p[) < oo (i € /) 
and 1 strongly. Then put pi := V^SLi ^" {p'i)- Then it holds that 

oo 

n—1 n—1 

and 0(pi) < Pi 1 strongly. Now fix one of such finite projection p = pi in 
M(^, and we prove that p{M^)p is generated by pQp^ where 

Coo oo \ 

{M^r u ij {M^ru'' u y (c/*)^(Af^)'^ . 
fe=l / 

By construction, each a: G A/ = A/;p xig Z has a formal expansion 

oo 

where a;(fc) G Af;p (fc G Z) is uniquely determined by 

x{k) = i;(x(C/*)'=), x{-k) ^ E{U^x) [k > 0) 

(the order of C/*^ and x{k) is a matter of convention). Let x £ M'^, and put 
y pxp e {M'^)p (here we used p{M'^)p = {pMpY . See |MaToj . Proposition 
2.10). Since p G {M'^)^ui = (Af^)", we may consider tp^ as a faithful normal 
positive functional on (Af")p. Let e > be given. By Proposition UHH we may 
find a > and z = (2„)" G (Ai"")p with z„ G A/p(cr'^p, [-a, a]) {n G N) such 
that \\y — z\\^^ < e, and ||z|| < ||y||. Consider the expansion of z„ (in A/): 

oo 

Zn ^ ^„(0) + ^{z„(fc)C/'^ -f (C/*)''^z„(-fc)}, n G N. 

Let y := Up. Then by UpU* ~ 6{p) < p, we have 

y2 ^ ^ Up{UpU*)U = U6{p)U 

= U^p. 
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Similar computations show that 

= U^p^ {V*f = p{U*f, k>l. 
We see that for fc > 0, 

z„(fc) = Eiz^iU*)") = EizMU*)'') = E{z^{V*)''), 
z„{-k) = E{U''pz„) = EiV'^Zn). 
In particular, we have z„(fc) G pM^9^{p), z„(— fc) e 9^{p)M^p and 
z„(fc)[/'= = z„(fc)F'-, (C/*)'z„(-fc) = (T/*)'=z„(-fc). 
Therefore the expansion of can be rewritten as 

oo 

zn - 2„(0) + ^{z„(fc)F" + {V*fz,-X'k)}, nen. 
fe=l 

Since U G A/(cr''', (— oo, log Aq]), we have 

V'^zn e A/pK^ (-oo,fclogAo + a]), z„(y*)*^ e A^pK^ [-fclog Aq - a,oo)) 

for each fc > 1. Let K := [a/(-logAo)] + 1 G N, and consider the GNS 
representation of {^Pp^ {Mtp)p). E induces iy9p-preserving conditional expectation 
Ep : Mp — )• {M^)p. Then for k > K, wc have 

fc log Aq + a < < — fc log Aq — a 

Hence 

z„(fc)^^^ = i?p(z„(F*)'=)^^^ = l{ij(A^J(z„(F*)'^-^^J = 0, 
= EpiV'^z^)^^^ = l{i}(A^J(^'=z„^^J = 0. 
Since ^^p^ is separating for Mp, we have 2:„(fc) = 0, |fc| > K. Therefore we have 

K-l 

Zn = 2„(0) + {^nikW"" + {V*fz,-X-k)}, nen. 

k=l 

Now, since (Af^)p is a finite von Neumann algebra, each (z,i(fc))„ (|fc| < K — 1) 
is in A1"(N, Af^p), and we have 

K-l 

z = {z^r = (znmr + Y.{{z^{k)ru'' + {un'iznhk))"} 
fe=i 

e pQp. 

Since e > is arbitrary, y — pxp can be approximated strongly by elements 
from pQp. Hence pM^p = pQp . Since i is arbitrary (recall that p = Pi), this 
implies that x is in Q as well. This proves the claim. 

Finally, by the proof of Proposition 4.1.1 of [Conlj . (a) is proved. Namely, 
let X E {{AIip)'^y n A/". Then by the above, x has a formal expansion by 
X ~ a;(0) + J^kLii^if'W' + {U*)''x{-k) {x{k) € (Af^)"). Since ax = xa for 
a e {M^)'^, this implies that ax{k) = x[k)9^{a), 9'^{a)x{—k) = x{—k)a for ah 
a G {M^Y and fc > 0. Then by p((6'")'=) = (fc 7^ 0) and by [Co5T] . Remarques 
1.5.3 (a), we have x{k) = 0, fc 7^ and hence x = x(0) S {M^p)'^ . This proves 

that {{M^YY n Af^ c [M^Y □ 
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Now we are ready to prove the non-factoriality of the Ocneanu ultrapower 
for type IIIo factors. 

Proof of Theorem ] 6. 18[ Now wc show that M'^ is not a factor. By Claim 1, 
is generated by (Mip)'^ and C/", which implements 6'". Representing the 
center of M^p as L°°{X,^) where (X,^) is a diffuse probability space, |MaToj . 
Lemma 2.8 together with |FHSlj . Corollary 4.2 implies that the center of (M^p)'^ 
is /i)". By Lemma [6.191 6*" is not centrally ergodic. This implies that 

there is a nontrivial element x e {L°° {X, , whence a nontrivial element 

in Z(Af"). Therefore M'^ is not a factor. □ 

Remark 6.26. The above result reproduces Connes's result |Con3| that a- 
finite type IIIq factor M cannot be full. For if such M satisfies = C, then 
M' n A/" = C holds by Proposition ^3] Since Z(Af") C M' Ci A/", this shows 
that Af" is a factor, a contradiction. Therefore AIuj ^ C. 
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